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ABSTRACT

Doppler radar, compass heading, and VLF communications station
phase difference information are combined in an optimal fashion to form an
integrated navigation system based on the concepts of Kalman filtering. A
ten-state Doppler! VLF Kalman filter navigation algorithim is designed for use
onboard the NAE Convair 580 aeromagnetics research aircraft, with simula-
tion studies conducted using computer programs written in FORTRAN for
the !BM 3032 TSS operating environment. Results from the studies show the
unique features of a Kalman filtering approach to the navigation task.
Various contingencies, or anomalous situations, that can arise when handling
the VLF data are considered, and solutions are offered in the context of the
Kalman filter approach being used. A comparison study involving simulated
navigation data demonstrates the superiority of the Kalman filter navigator
compared to simpler navigation algorithms, especially when significant bias
errors occur in the basic quantities being measured. A further comparison
study based on navigation data collected onboard the Convair verifies that
the proposed Kalman filter navigation algorithm operates properly when
using typical 'real world' data.

SOMMAIRE

Des donn~es de radar Doppler, de cap) au cumnpas et de (l(phasag('
entre stations de t,616communications VLF sont combint'es de, fa~on opti-
male dans un nouveau syst~'me dIt navigation integrel fondt" suir It's princip)ts
du filtrage Kalman. On a en effet 61ahor6 un algoritbme de navigation pour
filtre Kalman Doppler/VLF i dix 6tats utilis6 z't bord de l'atront'f de r'cher-
che a6romagn6tique NAH Convair 5 L40 ; des oltudes de simulation ont t
men~es ii l'aide de programmes informatiques rt'(igt's en FORTRAN pour le
milieu de fonctionnement dlu systt'me TSS IBM 3032. Les rnsultats de ves
6tudes font ressortir l'apport unique du filtrage Kalman (lans tin syst;'me de
navigation. Diverses contingences ou anomalies potivalit se prt'stntt'r lors (1u
traitement des donn6es VLF sont mises en evidlence, et des iolutions faisant
appel au filtrage Kalman sont propos~es. line ttude comp~arative portant stir
des donn~es de navigation simul~es (lemontre It supt-rioritt' du tiavigateur a'
filtre Kalman par rapport a1 (es algorithmes de( najvigation plus sim~ples. sur- on Fo0r
tout lorsque se pr6sentent (Its erreurs non centroles import antes dans It's p A I
grandeurs (IC base mesure's. line autre 6tudle comparative' rt'lposant suir dets ;j
donn~es de navigation rn'cut'illies al bordl du Convair ton firmt' I ''fficacti'
l'algorithme de navigation pour filtre Kalman lorsqju' (Its (Itnne's tylliqltuts
et Wrelles' sont utilis~es.
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A KALMAN FILTER APPROACH TO NAVIGATION ON Tile
NAE CONVAIR 580 AEROMAGNETICS RESEARCH AIRCRAFT

1.0 INTRODUCTION

The NAE Convair 580 research aircraft has onboard various navigation aids, including
Doppler radar, C-12 compass heading, VLF station phase difference information, LORAN-C, OMEGA
station phase difference information, a Litton LTN-51 inertial navigator, and the possibility of a GPS
(Global Positioning System) receiver at some time in the near future (Refs. 1 and 2). With so much
redundant navigation data available, it is important to try to use it as effectively as possible. A Kalman
filter approach (or some extension of it) becomes almost esssential in such a situation in order to
'blend', in some optimal fashion, the various types of navigation information.

At the Flight Research Laboratory, a study was initiated in May 1978 to look at a simple
Doppler/VLF navigation filter employing the Kalman filter technique. The purl)ose of this study was
three-fold:

i to gain an understanding of basic Kalman filter concepts through analyzing a relatively
simple version of a Kalman filter:

ii) to compare the Doppler/VLF Kalman filter to the Doppler/VLF complementary filter
being used at present; and

iiii to demonstrate the possible advantages of the Kalman filter approach for other applications
at Flight Research - a multi-sensor hybrid navigation system and aircraft attitude sensing
are just two of the possibilities.

2.0 THEORY OF KALMAN FILTERING

The mathematical theory behind the con('ept of Kalman filtering involvcs [pro)al)ility and
statistics together with linear syst(ms theory in a state vector formulation. In this chapter. the basic
theory will b, outlined very briefly - many references are available for a more corl)lete analysis of
the theory (e.g. Ref. 3 is an excellent textbook on the subject).

2.1 Elementary Statistical Concepts

References I and 5 servei as a very good source for gaining a quick ulderstanding of the
underlying princilies of a Kalman filter. In its very simplest form, the Kalman filtering process con-
sists of comhining two independent estimates of a random variable to form a weighted average. h'lhe
optimal weighting factor is chos(en so as to iproduce a weigh ted average having the m jimmum uariancv.
Let xl and x2 be two independent estimates of a (;aussian random variahle, x. having variances

- and u, respectively 4see Ref. 6 for Ihasic statistical d(efinitions). Furthermore. assure that x2
is estimate(d by measuring y2 Ii x2, wlherv y2 has the variance (1 ,- h2 , 1 . No\, a general
form for the weighted average( of xl and x2 would In.

x II K h) l + Kb \2

(2.1;

I K ilxl K "2A) 1 h , I

with K "h the '"ighting' on x2 and ( I K " h) He "wuhlg" on x I K i, tilew \cgititg f;ictor
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From Equation (2.1), the statistical expectation (i.e. mean value) of x, Ejx), can be
expressed as,

E-x) (1- K" h)" E(xl) + K- E(y2) 12.21

By definition, the variance of x, a 2, would be,

a,2=E{I[ x- E(\X)] 21 23

The following expansion of Equation (2.3) can then be developed:

a, 2
= E[x-E(x)]2} E [0l- K h) xl 

+ K y2- (i K h- E(xl) K Ely2)] aj

= E Iy[(i - K h) tx1a Elxi)) + K y2 - E(y2dt

= Exl-n KY2- -l K'Ax- + l K 2 [y2t- n(y2 i]2ra .

2 - K - (I K hi* [i x i) E [y 2 -E(v2)]

-(1- K -h) 2  E 1 i E(xii] + K 2  Ej" y2- [ (y2112

+ 2 -K IK h i E I[xi E~xill I y2- Ei2j]

Now. F: lxi K-() yli 2 - Eiy 2) I 0-( because xlI and v'2 h -x2 are aSSUMedA to bC IIt'jeped-
ent est Imates: hence. lxi - EK) xl and I y2 -- F:y21 - h I x2 -- E( x2)1 must he uncorrelatedl. [he

expansion of o, 2 then re(duces to

,2 -- K ' h 2  2 + K2  
2.1

< do t ernnie the mlilnilul m variance. . as a flttion of wei itinog factor, V. K_,uinipk d ifreit t

Equation (2.5 with respect to K and set the result to ze'ro. Thll,

2uh I-I K "hb I -i + 2" K 2 G ;



which yields the optimulti value of K, Kas

K --- (2.7)

From Equation (2.1. the expression for the hest estimate. x, can be written as,

x =(1 - K h)x1 Kh - 12 - K lh x1 y2 ) (2.8 1

and. from EqJuationIs (2.51 and (2.7). the expression for the variance of x.o - heconws.

1 0" 12 (li + ' 1 2
(2.9 1

(1 0,

SI-N 1- K* h o\ K* Ii' (
O\I + o) 2

I) fiMV kSSLITI~s thlat y.2 h- x2 i., a mteasuremlent used to improve an updated estimlate. \l . thenl

Equations (2.S) and (2.9) indicatt, just how the es.timalte and it \iarianc (are improved h.\ the 1t,ll't-

.2 State 'Variable F'ormulation for it i wear K alman Filter

Inl order to apptly Kalman filtering toectitiue to an'. particular phical troillem tu'ol n!
at dynamici process. the equaItions5 of miotiont of' thet ttrtts- must ho exptressedl in at state xariahle formu-

at ion, with any. random noise processet- included ats well the underlying stati1stical t heory wNill 1w
I lia of' a Nlairktv procetss. liirtlirtr samptledI data versions of the vatrious etmut ions wll be umstill
trdtr to retlect thet more ptractical situatin of havitt. to (Itil '.vitli iliasitreitiilt dta ini dligial katri

First, aI scalar ( it. ttrit-tiyntnsittnal I Kalman filter will he dVlcvtnttd to n1,t01i1V OWi susie Ofititts

,tate vaititkl formulations; and \!arktv )trttesm.t" thenl, an ('\ttiistoii to the lgeneral niilti-dliimittnwil

Kalmans filter algitrilt im inill take ptlace.

2 .. 1 Scailar Kalmian Vlter
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would he the so-called 'error state' formulation, in which it is only the error in the particular process
state which is to he estimated via a Kalman filter (see Ref. 5 for an interesting example of an error
state formulation).

Assume a first-order physical system exists in the form of a Markov process (see Ref. 3 for
definition), as follows:

xk+l f *x g u (2.10)

where

Uk true state of the process at time tk

fk transition term representing the dynamics, or eq(uation of motion.
of the system

Ik randonm noise input with zero mean and variance (1k. assumed to be
G~aussian

-v scalar multiplier reflecting the effect of the random noise piroccss. Ll.
onl the state X

EFIjuationI 12.10) is known as, the p~lant equation, with uk the so-c-alled plant noise.

A\s wvell as a scalar plant equLation, it is aSSumeIId that a measurement proc ess exists in wxhichI
the quantity heing mevasured, N', is somec linear function of tim state of the systemn. Thus.

Yk-I +I-Xk±1I "Vki 1 i2.11 1

wvhere

-k I lI~l"ttbing nieasuretl

Ilk, + I- sc.alar multiplier reflect in the relationship between the measuremlent
and the state

Vk 1 random nII nwasurenient noise with zero mean and variance r
assumned to 1)1 (;atissiaIn

(Luatiol (2.11 ) is called the ohservation ( or measurement) equllation. w"ith kvkI the ohserx'at ion lor
measuiremient) noise. Note that f k~ .k'1 k'q andl r kare all allowed to vary fronm one sapetncto
the nex t in this formulation.

Inl order to relate this first-order nietheniatital dlevelopment to what was dIiscovered inl
Section 2.1 (iie. abtout optimally combtining an Update andt a mevasurement), it is n( issary to vxpres.s
the variance of the ui )(atA. pt . properly. For this putrpose, define the following quantities:

X k est estimate of tie true state after k samples tof tdata

State update based onil ie x
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Pk = variance of xk

Pk I = variance of the update x k

ek random error in Xk' namely kk - Xk

c, random error in x'+ namely x+ - Xki 4
The best update from the plant equation can be expressed as,

*1

X k + f f k ( X + e k ) = f k " X k + f k ( . 2

(2.12)

= Xk+I gk * Uk + fk " ek

Since Xk +i represents the true value of x at tk + I the error in x + e + 1 , must be

Ck= + k * Uk + fk "k (2.13)

Also, the varianceof + ,var I4+ 'is precisely thevariance ofxk + I P 1 ,because Xk I E(xk+I

(i.e. the true value has no variance, by definition). Therefore,

Pk+l varek+1 I= var -gk u k + fk *ek

(2.14)

= var-gk "UkI + var{fk Ek}

because Uk and ek are assumed to be independent random processes. With var Uk qk, and

var {ek} - var IX k} Pk, Equation (2.14) becomes,

Pk+ I = f2 k * Pk + g2k " qk

(2.15)
= fk " Pk " fk + 9k - qk " 9k

It is now possible to make comparisons based on the previous developments of Section 2.1. At step
k+1 identify

'x1 " 2=' = k k qk 9k
X1 " Xk+l xI Pk+lI f f + 9

. 2 _rk h h=
y2 -Yk #I' °y2 k+1 rhk++ (2.16)

x X - Kk+I



Equations (2.7), (2.8), and (2.9) from Section 2.1 can then be rewritten as,

hKk)l = Ik+I k+l (2.17)
1k + ' + " k + rk I

.( I /1)
Xtk l Xk+l - Kk I I(hk+l " k l+ - Yk I) (2.18)

and

~iiid

Pk + I -+ Kk I 
1 k+ "P k+I 2.191

respectively. Thus, the best estimate of the first-order system state, xk , and its variance, Pk, can he

updated for minimum variance at each step by sequencing, recursively, through the following so-called
Kalman update equations:

x = I f k Xk plant update

Pk I = fk " k " fk + gk qk gk variance of update

KK kk = 1 1 hk I [hk + + I k +l + rk +11 Kalman gain t2.201

Xk +I Xk - Kk , I hk + I -+ I Yk + 1 optimal state estimate
after k+I samples

)k + = Pk -I Kk+ 1 * k + I ") + I variance of optimal
state estimate

Note that, in order to initiate the Kalman recursion formulas of Equation (2.20), it is necessary to
establish initial conditions for \ and p - - i.e. ,, and p,, . These initial best estimates for the state and

its variance are sometimes difficult to determine precisely and, so, must he approximated in some
manner to 'start off' the filter.

2.2.2 General Form of the Linear Kalman Filter

The general form of the linear Kalman filter for the multi-dinensional situation is simply an
extension of the foregoing scalar case using matrix formulation. A general nth-order physical process
is assumed to have the following sampled data version of the plant equation:

xk + lI k x k + G k k 1.21

K



-7-

where

73 k nth-order state of the process at time tk , with the dimension 0 n x 1)

)k (n x n) transition matrix rep)resenting the known dynamics of' the p~rocess

U x inth-order (in --- n vector representing zero mnean, random disturbances. or plant
noise, in the system -- dimension (in x 1

G9 (n x in Imatrix representing the eIfe(ts Of the Iiinos 11Wsources oil the ni states of the
syste i

T[he plant noise vector. ui k, is uIsually assumned to corresp~ond to a set of in zero mecan, random noise*

processes with constant variances, o 211 : I I,. .,in; all noise processes are assumed to be independ-

ent of each other. Tlhese assumptions of Gaussian noise- result in an (m x in) covariance matrix for

UK. k Q kof the following form:

G2 0

o 021- 0 t

Q- Q . (2.22)

o 0 o 0 2

III conjunction with this general multi-dimensional linear plant. assunuw that a multi-
dimensional measturement process exists as follows:

Y k +I 1 Hk+1 + ~v k+122

where

Ykf I k'th-order (V t' n ) set of measurements at timec t K . with the dlimension (k X I

11 + ( x ni) matrix wh ich operates onl x k, to represent thet relationship bet ween state
variables and mevasuremnents

v + x I) measurement noise vector representing z~ero mean,. random d isturbance."
(i.e. ob~servation noise) in each of the mea1SUred quantit ies
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The measurement noise vector, vk + I • is normally assumed to be a set of k zero mean,

random noise processes having constant variances,- I; i = 1, .... .- each noise process is also

assumed to be independent of the others. The (V x V) covarian(e matrix, It + for v + th('n
becomes,

0 02

- It (2.2.1

0

0 o-

For the foregoing multi-dimensional process and measurement configuration, the Kalman

filter task is to compute the best estimate of x , I k ' and the covariance matrix of R k" P k at each

time t k = 1, 2 ..... As in the scalar case, define x' + as the state update based on x k i. v.

x + K "k ); and define Pk + as the covariance matrix associated with x .The general

form for the Kalman update of k and P k (proof given in Ref. 4) is then,

k+ I - k "_ k  plant update

1 ; (1) + covariance of update
k+ .k k k ~k ' k_

P' 1  H"+ L " * "+I " + ik+fI Kalman gain matrix

k+I = k+ - k+ [k+ k+ k+ optimal state estimate
I - - after k+ samples

'+ k+I k+1 k+ covariance of optimal
- state estimate

Note the strong similarity between the scalar form of the update, given in Equation (2.20), and the
above matrix form. The matrix recursion formula given in Equation (2.25) corresponds to a mini-

mization of I at each step, i.e. the optimal state estimate is always the one having minimum error

variance in the Kalman filter approach to the problem.

Now the Kalman filter update equations define a set of recursion relationships, readily
implemented on a digital computer, for computing the optimal state estimate of a physical process
in real time this is the essence of the benefit to be derived from a Kalman filter. Assuming that the



plant andl measurement processes are well-know1 (i.e. accurate knowledge of '1, G. Q Ik lIkand

R k then all that is req(uired to get the Kalman filter started is knowledge of thet initial state %vtor

estimiate. x,, and its initial, or so-called t priori, covartance, P,, Often it is difficult to spe-cify anl accu-

rate estimate of 1) it really reflects the possible variance of the error in the initial statc estinite.

'['it covariance miatxix. 1) k' is quite important because its diagonal elemients artc a i as tirv of' the

error variance of the lindividual optimal state estimates as a function of time. I 'siiallv the estimation
error of each state is redceC~d (ramiatically during the first part of a Kalman filter run and then,
Ventually, at steadyV state error condition is reached. In the steady state region, the elemelnts" of' both
the lKalmnan gain matrix, K k-anld the covariance matrix, ,P become small and near-constat

2.3 A Quasi-Linear Approach for Nonlinear Systems

Many p~ractical p~roblemis for which a Kalman filter app~roach would be quite useful1 iuv l\C
nonlinear plant eq Liati() us anld,or nonlinear mecasurement equations. Inl most 4 ases. it wouid h Ie to(

i naccuLra te to linearize the equations completely. so some qjuasi-line~ar app roach IinUst hvl fun I
l-ritdlandl and Bernstein (Ref. 7) and R~ichman and Friedland (Ref. 8) ha11W sUggi'Sttd mw~(4- '\pw.,ihtc

(ju.aSi-liivar techique(LI which Will he oUtline~d hecre: there are also other possible \ttfl~ion- )I th
Kal man filter to icuenonlimeait ies (sce Ref. :3, Ch. .

Maintainingv the( saine notation as ini Stilsectiofl 2.2.2, define, at nonlinear siinph-di i ati

p~lant equation.

k I k + 
t

k i k 22

so that, inl general, anl in x I )vector, f , wvith elements consisting of nonilinear functions (of the titt,.

x ,rep~laces the linear vector function. 1) k 'xk of Equtation t2.21 ). In sii'a 
7a5'an. at n iiiicar

observation equLation.,

lihx~, + t, k 1 2,27

is assumevd, whe1re the Ikx I I vector. hi has ele4menits co4nsistinig of nonlinear functions of v nlld
1 1

rep1 laces, I I k - I -X ,I )f' Equat ion (2.231. 'Ilii noise, process, xectons u k andI v ire is ui ned 744hki

tit, ill,, inral statistucs ats tho(se' dtintd Ill Subsect1in 2.2.2.

( 4)siiier now% it quasi-inear statc transition1 niatriv '~~ whlose celiiiet-, iar delin'd a,,

[II K]I~ j I1 . 2
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and a quasi-linear observation matrix, 11 k' having the elements,

ohi(x I

oxj

The Kalman filter Update equations for the quasi-linear best estimate. x then becomne,

x I, +I f knonlinear plant update

k I I k I + k k k~*(, covariance of update, or
a priori covariance of
state estimate

Kk PIkII k 11 k~ lI+ Rk1 quasi-linear Kalman
gain

k 1 Kk ' + I optimal quasi-linear1 state est inate, after

k+l sanHples

' i )tci or ioalia

V itt i liat I~ ui')Ii.Ii lwar a;; r i iin an mu ,-( orI iid' too ;oloooilat' t he K~o iaii l i tri\ ;I Ilit
%;irioii, o oI~fo iwii-i(rc- I lii rilo wioioiio r relaItioofil~lipo> ii 111ill wd~,u foor olot11IiL! Owi Ilaoll

LIOalc M I i I, two roti ;d oh0- i o n to -o l Ior. h,

2. 1 Practical AXspects of' I )vsigning aInd Running it Kalman F~ilter

Iiiloore ;I ;oreetioiio of' Hii. qwit~i atodo. Loooooo filti- al~oonithino olosigiworo loo Ir1) s

miotii :I Koiinat flhllr \ niorn' otailedolook at tii ral oial a~;ooots of K;oIliIo fhtln0 1,~P~o
for thes Iolor ( hap~tcr,, i toc lOopohol \ LF o na.ivatioooo lilti-r

2. 1 1 Systemi and Stalist nil Mlodelling

I iv flo o .\ a rt, oriwo fI lic onao oo-;oi coIOidrati n th ak to ot I l tt\0 I i. , '00 Inclit,- 0 w i
1111o.oobollo0 loor ajio- Kalmooo Illcr tOpplioationi

it ()ill lill? bt o Ito 14 'wiIial 'tittc ;iria ,ol lloho in rtioono'ol ito dlo- iio tho 1.,oo "

.000 -oalol II 11illa, ;tddito \arahl IM o'oii ohtcoutoo -coai ;oo .11-

,Itif, Hto conipwtliiiiiI huoiroloo Jor tutocr cvclo ooomildl locrinc c :~~Oo ito lOwn
;I rN\ L2oolol ,~r li ii! Illaiioo;in obowvooaoloo , o( ooildol ( oir inii 011 cortool l- ltrittt

oviiIt 0000! Ili 0( or I tc 0-It 0010 I o ill o vi-al I



ii) Bias state estimation can he quite important and Can be implemented quite readily. Assum''c
an arbitrary variable, v, of a physical process has a bias which is to be estimated. A so-called
bias state varialble, B, c an he dlefined: and the corresponding state Update equation for B,
would be: B, k +1 B,.,, with no plant noise assumed. Several such bias state equations
could lie included as part of the overall pIlnt equation, and optimal estimation of' the
aSSUmned biases Would take place.

iii) Modelling the statistical characteristics of the various noise processes a('eUrat4'ly is essential
for proper operation of any Kalman filter. Even the basic assumption of constant variance.
zero mean noise p~roce'sses is susp~ect at timne. For example, a correlated noise proce~ss
modelling might be dlesirabile and certainly Could be implemented if required. Statistical
modelling of tile nicasurenien t noise processes is fairly straightforward, since One Usually-
has (direct access to the basic measurement errors. Hlowever, correct modelling of pllant iloisew
processes can he more of a fine art than a science. It is often difficult to gain access to the
basic error quantities that correspiond to the pilant noise as defined inl thle Illanlt equation.
Sometimes the basic error p~rocesses of the physical system, for which statistical information
is known, are modified significantly to get themn into the configuration prescribed b\
Equation ( 2.26). Tlhe main concern is to arrive at some 'ball park' figure for pllant noise
variance which in some way reflects the randominess that c-an be exp ectedl in the chosen
mathematical description of the dynamics of' the physical process.

iv) Proper initialization of the Kalman filter is also quite impIortant in order to hax e accurate
filter estimates as soon as possible after filtering ac-tionl beginls. AS lready 1ienltioned inl
Stihsection 2.2.2, to initialize the Kalman filter one( must Stpecify inl in it i l state es.t i iitc..

x.and its corresponding a priori covariance miatrix. P) IP, is Simply a diagonial lmatrix

conisisting of the various inldividual initial state err-or varianices, 1. aii It i
niot so important that x1 he perfectly accurate what is important is thait P ,orrectl\

reflects th e l'lt( ted uncertaiiltY of' the inidiv idual elemenits (it' \ '.In other words,. IP

'tells' the filter how mu1Lch we-ight to place onl the uildatt, of, tht( initial stite estimte
relative to the incoming nitasuren-1wut information. If It ' does not it pit senwtt Uilt

Siiatili.l thenl the( f~ilter state estimiate, will not lie a siteurate as they could hIt ; s,1
the f'ilter might take nitrt timec to stabilize to it',s t.tad ' statl stili;itittit tttiitlitit i.

jlit Kalmina f'ilter confiirittno is such1 that it t'aii ha~ndlet \ ariou, etl1ittiigeiltIt- (I .,- -- id,

hagsinl it' (quality' Of the (latUl thr0ogh nodifitatit us tt, Q~ R~ jr c\t~n P I

atlvanitagt of this capabilility, MtiW iliiit basin( tO 1OitLtll. al u k ,iltt

characteristics ol' the various Senlsors 1WinVOe. It ni1;ty inke Lratdel uiit ( 11Ii Jhlit

forethought to (ltist applroptriate ititoiitoriiig st lieiis for tht data tratisdu( rs. IIti r

the effort would real dlividen,hiti kiepiiig ft Kaliian filter- t'tiitillv tiiid'
rtf'reshiiig it with the tiest statistical infortmatitn aixilllt it ali% 1511111 illnr

2. 1.2 N umerical Accuracy and Stability

()iin impottrtant toiisittrtiitt that (1itIst ttc aIddr.s.sed whiten lalfttnitnting;m N, haii i fJ.r

iii'mc 11 1 titii t2.251 tor t2,>t0jl ivs thn thicnitt ttf P'itnrnit ttt kfin. smiall %alitins iit in

Ih. itfrratiir art tiiarv rttttt tilitrimt i sf . 9 tt ItI mitt I I ) tattiri/ttitoi 1 61- 1 !, 1t 1 1It 14
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Closely associated With thle numerical accuracy problem is the basic stability of thle Kalman I
filter. Under certain circumstances it, has been shown that a Kalman filter can be unstable -the state
estimation errors actually diverge with time. Many timies, this instability is associated with ill-
conditioning inherent in thle problem and aggravated Iby thle numerical inaccuracy of the ordinary
Kalman update equations. 'Two solutions to this problemn that are commonly used are thle following:

i) In the statistical modelling, include a sufficient level of plant noise to ensure that the co-
variance matrix. 1) never gets so small that it causes a numerical instability liroblem (which

would show up as one or more negative eigenvalues in P) at somle sampcle time I. Sometimes

plant noise is included, even with a very accurate plant update equation. for this very

purpose.

ii) Use alternatives to the Kalman upd~ate equations, such as square root filtering or [ '-D)
factorization, which tendl to prop)agate a more accurate P) that remains positive dlefinit e

Oxe. positive eigenvalues) and, hence, circumvents thle stability problem.

:3.0) A l)OPPLER/VLI" KALMAN FILTlER NAVIGATOR

BHased Onl the quaMsi-linevar technique described inl Section 2.3, a Kalman filter is desnicned fcIm

Opitimlal iclendini, of D~oppler radar, compiass heading, and VLF" station phase' difference inforniationi.
with anl updlati' rate of once every ten seconds. 'Ihel( primiary outphuts of the Kalman filter navigator
will be the op~timal estimlates of aircratt position and velocity. T[he mathemat ical modelling isdc\ ii-
op eil fo r the navigation equipment presently onboard the N AE Convair 580 research aircraft, with ite
basic navigation hlaraimtirs sampled and processed using4 anl lntsrdata 7 :32 iniicompul)te'r oilloard.
T[he d igitiizc'( data is p resently stored ont magnetic tape for post flight aMnalsis: but, evenltnall'. it IS
intenldedl that the Kalman filter would run inl real-time onhoard the Convair. using the I nterda ta
compluter Isee Refs. 1, 2 for computing capabilities onboard the ('onvair I.

:3.1 D escri pt ion of the Basic Navigation Tlransducers

'[hel( following navigation trillnS(IuLCers arc' included in the p~resent dlesign of' the Kalman filter
navigatoir.

I )ecca l~phrRadar athree-beam D~oppler radar measures the three compionents of'
aircraf't velocity relative to aircraft-fixed axes. 'I'll( raw RI" beaml frequency Information
r- samled every half second. In order to resolve aircraft-fixed velocities into 'straight and

eveearth -fixed components I required for navigation j, the( angular attitudes of' the akircraft.

pitch (0) Iand rolhl loi.) are also measir('(ld. Appendix A giv('s a comle~iite descripticin of' tue(
mnathemlatics inivolved in (conve'rtinlg the Ileaul frequ~tency data into tihe more typical IDoplecr
groucndspceed I' VI1) and dlrift angle' lo ) quantitie's that are requ1iiredi.

ill Spe'rry ('-1 2 Nlignttc ('mncas.s a dual compass hecading system onboard the ('oliair
measiure's imwaiietichadinig. V, . chichl is sanlipied it at rate ()f twice per Se'cotid. l'I( true
lwauiug with ihct to geucgr;ipclic inorth. ), i> thenc ciiilutid as, V\AR, vwere VAR\l

t, hi- iiiaiie'tic varamnuii for tluc' given gc'owrapcical area.

11i1 (dolcul Na% guatioi (NS 200( VLF" Rceivvr tils \'ll" receiver is usewd illi ccujilloctucc %% thl a
PI c free1 un'nc'v ltandeard onlcoard th ( 'Ciumar to uue'asnr' the' tilae' ciuffieren'i cc 1h' ci 1t1,i
fransmissuccns frouml the variecus 1 .S. Navy ( ollliiiicatioclls stcels ailci the Rhc c.Ic)(ck. [Ic'ew

phsle'tahc nweasireuieuts canu ihe directlY ri'iate'd tic the (distanitces fromii tiic' aircraft tic cach
ofI ille V' FI 'dat oils the hase' inleasu reifu-tilt, fec)r all staticeus arc ampiiciA >uiuiccitul'cui

-er ery tenl V~'nI' d. Apedicx B ' is ahec listiiig tic e' e'SSe' utual featuire's ct' each ()F' the V'iI'
(ccIM1nnuCueIctici '1taltueiis tHat ca;ll hio- receivd Icy the' C 'ccuuaur's ( ;NS 200t unlit [ or icccrc
le-tail' ulcecit the ope'ratin cef' the' (;,NS 200,I andl V'LF' iiacvatcuu in ge'ie'r:a. see Hhrr e''eue'cc

I c) and I G
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3.2 Mathematical Development for the Kalman Filter Navigator

The basic task is to design a mathematical lgorithm, suitable for use in a (omputer, which
blends together the Doppler radar, heading, and VLF information in an optimal fashion, along the
lines of the quasi-linear Kalman filter approach described in Section 2.3. Figure 1 is a very simple
block diagram representation of what the proposed navigator would do. Each of the basic navigation
inputs shown in Figure 1 is assumed to be corrupted with bias errors and noise the job of the
Doppler/VLF navigator is to com)ute the best estimates (in the minimum variance sense) of position
and velocity based on this imperfet data. The specifications defining the proposed Doppler/VLF
Kalman filter implementation are categorized as follows:

Raw Navigation Parameters --- the following parameters coml)rise the set of inputs, either
measured or calculated, that the Kalman navigation filter will use:

f.1' flI f- RF beam frequencies of the Doppler radar, measured in
hertz (hz).

0, ¢ - aircraft pitch and roll attitude respectively, measured in
radians (rad).

V) 0 1 - Doppler-derived groundspeed (from Appendix A) measured
in nautical miles per second (nm/secu (onverted from knots).

-- Doppler-derived drift angle (from Appendix A) measured
in radians.

magnetic heading from C-12 compass, measured in radians
(converted from degrees).

- true heading, 4-VAR, in radians.

+ (3 - true track angle of aricraft, in radians.

Oi, i = 1 .... 6 VLF :tation phase difference between station i and H b
clock, a total of six stations assumed, measured in micro-
seconds (j sec: Oi is actually the time it takes for the VI.F
signal to travel from station i to the aircraft; d = ct implies
that one p sec is equivalent to a distance of 0.162 nmi).

ii) Biases Assumed for modelling purposes, the following l)iases are assumed to exist in the,
navigation parameters:

Bv bias in groundspeed, VD1  P (nm/sec), assumed to originate
with the biases in f, , fl, f, and possibly 0, 0.

B,, bias in drift angle, a (rad), assumed to originate with biases
in f,, ft,, f. and possibly 0, O.

Bl,  bias in true heading, 3 (rad); a combination of any bias inl
measurement of 4 plus a possible bias in the specificationl
of variation, VAR.

the combination B, + B, i.e. bias in true track, o + (rad).

B6 , i 1, ... 6 bias in the phase difference measurement of station i p se().



ii)Noise Processes Assume11d the measured and computed parameters are aSSLInwId to hlaVe
the following zero mean, constant variance noise processes:

UVrandom noise in the measurement of VI with variance

0 random noise in the measurement of o . with variance

U2 (rad-

U randomr noise in the measurement of w vit h \ariane

o (rad'I

ol- ioirilination of noise processs.S ii + u w.ithi variance,

0o + 0j 2 (rad' 1.

V, 1 6 - random noise in the IniaSUremnt of Qi. with xaiic
0 ec I -Jet )

D~oppler Note: the I )Oppjler biases and noise p~rocesseS could have c been deifi ned in term, ()tfA

thebea frquecie i~., , f~ ., I> and possible biases' ulus random noise in t heir mica. Li
mont, however, it was felt that this procedure would be Unduly complicated. Co m pute r
silo UlatiOnl has demonstrated that the simpller error modelling d efined ab ove is, perfectly
adequiate for the types of aircraft trajectory exp~ecte( i.e. imistly near-constant vutlocit\
straight line or. possibly, shiallow curved tracks).

(iv) D~igital Sampling Rates -~ there are two basic rates of sampling the intconu nii\ig.ati( n
dlata: every half second on the Do ppler, heading (data and every ten second~s on t hi VIA"
phase dIifference in formation.I

(vp Process aiid State Variables Chosen -- the physical process assumed for the quasi-Imeiar
Kalman filter is the Dop pler equation for upd)(ating geographical posit ion very I cii >i ci ,iis
based on in tegrating IDoppler velocity components over that period of time. A\ vector set of
ten (discrete state variables, x, is (defined as follows:

PLAIT Xl1 2 geographical latitude of aircraft ( deg)p.

PLOA N( x 2 geographical long itude' Of aircraft ( degt

H3 x3 -2 ias in D~oppler groundspeed (1m1 Sec)I.

H ~X4 bias in true trac k ( rad p.

x5a bias in measuremient of stat ion I phase t p 'Ilci.

Hf , ias in measuirement of station 2 phase ( p sell'.

h x7 bias in miasturement of station :3 jilase tp scc i.

B '4 b8 ias in measurement of station I phase (p setci

It x!) hias in melasuriement of staitiion 5 phase I/i esic.

It\10 PP ias in measlirenuent oft 'tation 6 phiase ip ver
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vi) State Equations of the Dynamic Process - recall that the discrete form of the dynanm,
process is the vector difference equation,

x k f(x k) + Gk * L .

According to the state variables and process chosen, the vlcninnt. of f kill h a f'ilhiw>
(see Appendix (' for more details):

fllx -- PLAI + [Al - \3K B B Im( ,

+ [A2k - A- 1
k B\. k (.os(B,.- K

= xlk + [Al1 - A3k x3k] siln(xt k

+ [A2k "\.I'k x3k] (,os(x 4 k

["k - ~3 K" 13\,kl
f2(x k PLONG 1 - A k  B V"1] c-s(1 k

k cos[PLATK ,10

[A.4 kBV - A2 k]
- • sill( B

cOS[PL'l'k 7/180]k

(8.21

[A I k 8 k "X3k]

-x2 k- -. Os x ciIK
\ k - C OS x k 7 ,/1 8 0 n CKk

I\ 5[lk \3k 2 ]
COS' "x, . \2 ,

fIx Is 0K

f~flx .I IH . K xlt'3( x k. hl, k X3 k

If I (l B k x I k

f51 B k ..... k..... <k
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w.here
t. + 10

AI 1 VM mo4O

t h+ 10

GO ~ V oo+0t

A3 k 0 GO1( +il~ + i3)

1 tk + 10
A I c1((t + i)dt

K

Tho integrations required in qAtIon161 (3.31 are compo])Lted digitally using tralleAidal lute

gratioit ( R~ef. 171 on the 20 samples of I)oppler heading dlata that occur in eachl tenl s((id I~

upd(ate interval.

Vi)Plant Noise Processes Appendi\ U shows the dectails of' how plant noise c an hi, modclli-d

as a function of' the original [)o)ppher noise tprocesses a u*I and u fh res ult is, t hi t N(

clemenit vector,

it u U ]I
where

u~.. K + dt

'Ihit louse procv'svi it and( u1 are assillnli It) he terO lilan. iiu'tiiit aaa raiiihii

IIM~ %%e ithI variance, oi andu o repc i1 ithe .uwauui Ih t rainrc aiiiillm

ph~he dq~iall~ m tapvz idai tviatiin * it auto cm ra cn In\ tigroat edithns

i. ifitifuil as thie 12 -2) itnatriv
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I k ) 2 
5 }o ) 2 0

Also, from Appendix ('i.e. Equation (('15)). thu G matrix i.s hown to hc the 1) 2)

matrix,

AS
k k

01 0 I

where
1 

'

1

Gk oSick +

V B coslo + -~ k..
A 

GO cos PT 
180r

'1,, +

;lll }l~irk ll)l 1'ill~ll vc( r ill thti l l'-'',l ,'rit of thel nwa':.s tlr'clnww jw .' l l ' i Ili>,



lIn tis jM the lit >Iilltlt vec(tor, will cis~lt of tihe I 'F ph1ase dtnrli

V k I 1 ,)2k .. 9~k .

The six elemtents ofli are identified as follows:

Itl I ( tpI ( LtJAT'k FING I+ B d )lxl x2 x5t

k. III

l2(\k i'c (IT'1 I k LN B k dct2ix I' k2k14 k

%%he re 1i'i: I 1.. G represtslt tile theorletic'al ph1aM' (ilfitrenlht' l'a~urtl tI) p A' Im

station) i atl til' 4 (2 liOilI i tioll iPLAT. iTiAN( i. lTe reltioniship cIX I'td hyV1

is not explictit ra .ther, it is embiodied~ iln a compuliter aii~oritilim knmOWn a> i( thiaot) 11
routine ( Refs. IS, 191 wiiiii llst hcIt ifl.ltldi a>. Jzut of the Kiiimai. filter aigorithin.

ixi )hserx'ation Noise P'rocesses timC Inea1SL1rt MOMt 101.,( is ittodt'1Ci hts tit s1\-C(ti1t 'T(' .

ha,1%ing '1 assi5ociaited 6 G atltoecovariaiiee matrix.

0

R 1? 1 2i

0I (
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Quitst-Linear State 1 rtinsition Matrix, (1 -- recall, from Equation (2.28), that the ehmnent~s
of (11 will be defined as,

iffi(x)

F~rom the definition of the fAS given in Equation (T.24, can Ie identifed as the
(10 X 10) miatrix,

1 0 Mf1 )X31 U)fI /;dxl 0

nfim\1 I 1 f)0 :3 f2Mx4 0 0

() 0 1 0

0 0 0 1 0 0

0 1

Ii~~ ~ I AI I *\xx~coi. I.\KAlK*~

t2 xI k Al 3k 1 (0i X- k (A k + A-I .V' s ,in l i

180) "1 aXI 180)

W) 2 ) x ,3X 3 o i , A I . xs i ( ] IkC q j k I O

ATf A. 11,K ~ INkA sinX4 YM J.Ik x3, -Ak * k

{-os( x I NO.)
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xi) Quasi-Linvar Observation Matrix, 11 k based onl Equation ( 2.29), the elemnents of I I will
he (lefinied as

odhi(\x

II k] 1, 6' j 1. 10 (3.l 16

From the definition of the hi's given in Equations (3.10). 11 k can be identified as the

(6X 10) matrix.

oJlt1/)1K dP1 /'x2 (0 (0 1 0 0

()d02/('x1, iid02/(')x2k (0 0 0 1 03 0

)d4(6/d'xlk idO(;/()x2 k 0 0 1

Appendix 1) shows details of the ex phtcit comnpuitatimn of partial dlerivatives td(I i ;I\l
td~i/,')x2 k I 1, G based Onl out put informiation from the Sodano Inverse routine,

xii D~etailed Block D~iagram Representation the compilete mathemat ical developmen t forf the
p~roposed Kal man filter navigator has been outlined in this section. FIgure 2 shows at (c-
tailed block diagram representation of the I oppler'V LF Kalman filter navigation schimn
Indlicating t iniida inusadotus esnilyaepansion of Figure, 1. 'I'll(
following points summarize the main o perat ing featutres of t his proposed bh rid navigationm
a lgorWithi:

a D oppler radlar and compass heading infornmat ion are used by t 1w Kalman filter to

(lefitie the basic pilanlt process ( i.e. to resolve and Integrate I oppler velocity voiipl)-
nen ts in order to get position up dates t.

I)I VLF' station phase dIifferenice informiatioin becomes the so-called mwasuren ut. or
ohbservatioin, proc'ess.

c) All tlhe availahle dlata I.,,iused to comiptitit, iitiiiiI I'Stiiiatcs of potion~ vf tell

secondis. ph111 calcuilate t he various D~oppler leading and VIAI hiasi'.

(II [I'lie, is iliates ofi ias ii I )ooppler grounditspeedc t iu)an Itw t rack aiiile I i aii hoe

tiseol too 00 orreo(t V 11d(I + I) III ooe to arrive at iioprmoud velooit\ cstiiiato'.

\LA'[ aind V.ONG.

c lIIII, c't iiote of lit iii VI~ 1,Vliaw (It I h~iite tiwio t~o cooiflt thei r~i\% VI lhaso

iitaiiriiiit ( I ~i roki It oIng iii iii o s \d V , I oiia.m- dliia. (do i II . .. .o
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f) If either thet 1)oppler/heading or V LF subsystems becomie inop erative (luring thet
navigation task, thle hias errors will have been updated by thle Kalnman filte-r to that
p)oint in timeI. This shoul mlean more accurate nav igatio oll ite degraded mode
compared to no estimation of biases inl thet system.

-1.0 SIMULATION EXPERIMENTS WITH THlE DOPPLER/VIA" KAILIAN FILTER

The im portant feaItures of a compunter pIrograml uISed to sMintlate op era t in of the Kal man
navigation filter are given inl Section .1.1 . Other sect ions inl this Chapt4er are de~ ot ed to identifying.
through variouIs simu1lationl experiments, thle rather unlique charac teristics of' thle propoi sedI Kallian
filter design.

-1.1 D~etails Concerning thle Simulation Algorithmn

A-01ompuLter program for simu latinlg the( runn11ing of the I oppler 'VI F Kal man lilt er inl real
time has heen designed and writ ten inl thet FORTRAN IV programmning languiage for the IBNI\ 3032
ISS oplerating environment. Figure :3 is a block diagramn representation Of tihe simulator and Figure I

shows the associated compu1)Lter progranm flowchart. -Sonic of' tile plertinenlt feature's of this p articumlar
simulation roultineV are thle following:

Simul~lated mo0t ion of the aircraft is either a straight-line trajectory with coInstalnt vvlolit .

or a circular track withI constanlt tangential velocity: velocity and track sp eci fied byI the(
User.

Thel( D~oppler navigat ion simulator oult; In S groundsp wed, heading, and drift angle rat her
han thle nmore ftindamental D~oppller heam frequency data it has been verified thbat the

simupler applroach ulsed is SuffCiciIn accurats for simlulatinig thle IDo ppler radlar systeml

Any level of i as and/or randomi noise can he simulated for thle D opIpler grOunll&'(-0.
heading, drift angle, and V'L F stat ion PhIase difference measuiremlenlts.

The VILF simulator uses a ve'rsion of the Sodano inverse routine to conmpute thle theoretical
microsecondl phase readings for thet different VILF st at 1015.

A variable number of V LF stat ions (all be si Illlat-d upJ to at maximum,11 noumbeir of six.

A plotting roUtineP has beenl developed to display thle results from any IKalm~an filter simmll
lation run. Thliis routine allows a great deal of flexibility with respect to 1)11) t ing interval,
scaling, and desired in format ion (i .e. I at L'ong plosition (st imation errors. I olppler heading
bias e'stimlat ion errors, VLI" bias estimation errors, or any cominiat ionl1

The simulation rou-tine also prints out the Kalman filter state e'stimlates and thle P). 4I"

K matrices (,very tenl sec(onds, mainly for debugging purposes.

A mnodi fied version of tile simulation roultine permits thle uise of' re'al navigation dat a 5t(rt'd

oin magnetic talpe, with thle further option (If being al e to miodi fy the dlata toI slinli lat e
(Iesird atIuai (0ond it ions.

Thei mlodified( routine also has options for various V L.F conltinlgency (ll('cks (to lhe describeld

in Section .1.5 1.

1.2 TIransient and Steady State Nature of the K~alman Filter

One of the first characteristics (of the( Doplbr!V LF Kalman filter to he- studied in some11

detail via simulation was tile speu'd-of-response. or transienit nature, of the filter as at functionl (If thl-
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specified initial conditions. Of particular interest was the nature of the bias estimation response a, tht.
diagonal elements of the initial state estimate covariance matrix. P, , were varied inl size. F'or this

study', a straight-line, constant velocity trajectory was simulated for the aircraft motion-details of' tht
simulatedI navigation conditions are summarized in T[able -4.1. Note that large bias errors were sun iiI-

lated for every quantity of interest (i.e. groundspeed, true track angle, and six VLF station phase
differences) in order to resolve the transient response of the tbias estimates accurately.

T1ABLE 41.14

SIMULATED) NAVIGATION COND)ITIONS

True start posit ion ( [,at,/ Long) .15.0/75.0 dleg

E'rror In start position --0.0)01 /0.001 dleg

True groundspeed (V11 ()~ I 250.0 knots

Bias in measuremient of V1  - 10.0) knots

True1 track (ck + 0) 15.0) deg

Wias in measurement of ci + 010.0 deg

VILF stations - 0 (1 M D \)

VLF measurement bliases -- 10.0 10.0 10.0 10.0 10.0 10.0 p sec

Noise variance for VD () V:0 1.0 knot'

Noise variance for i: u20.25 dleg'

Noise variance for 0: o2 0.25 dleg-

Noise variances for VLIF stations: o- : ( i - ...... 1 .0 p sec, allI

Recall that. in order to initialize the Kalman filter, it is necessary to specify it start aim
estimate of the state. x andl the corresponding covariance' matrix of that estinmate, P,1. For thi-.

piarticular simuI-lationl StUly. the initial position estimates had an error of 0.001 dleg inI each of' hatilud-

and longitude while all the initial estimates of bias were set to zero. Sets of variances for tht. n1it id
estimates of all the states were grouped into one of three categories: small, medit . or large. I lse
Initial conditions for the transienlt respbonse study are all siinmarized in [able 1.2.

Figures 5 to 7 show the set of Kalmian liltar state estiimite trrors ats v, function of tinw "I
the three dlifferent initial error vatriancev categories. arcful look at these lolts reveal., that tlic Iwcd
of-rvsponse (in terms of decreasing the initial state errorsl increases as the Initial error variant ca Ir%1

Increase ( from smiall, to medium. to large). CoI ce (iv'eV, .M aitcould say% that the effective dana I iaa(d
the filter increases as the Initial error variances detrease inI size. For the paarticaular initial rrrar %anr
ances chosen, onie alimst has aI situation akin to an aaverdaniae (iiit ial ilias variatcs t0. 1 1. 111
cially damped (initial lulas varianhts 5.0), or tiilalrdaaintt (initial iias variaince, knt- r~ aa.

Of course, the initial error variances Shoualdl be chotsein oin Ihe asis taf at laritn Inlfoarmat inn ;avaiall
concetring ptossible' erratrs Ini the, initial state estimate". Thea laarvgaai! iils impilN taIi st raue-
how the traniseiit responise of the bilter will hat if fai tel lay Ihat, maitaal criar i avariaatiicv imtai (Ira d
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T1ABILE 1.2

KALMAN F~ITER INITIAL C'ONITiIONS FRrANl:I'IS'OsKSill )'

Iti~ittll h'l..\ I'LO NG Ijl)( 1 70N t) L

Bilas Ii true track: fi (1.0) idt-)

B'rise Ii VLV phiai e 0.0lri .

SmallI Mtediumn Large

\;iriait- (it' B~ 1) 18 i. 5( 1 0 Wu 0I 4i

II h~ I

I t-r - tt 1, i (I' liti i

II ! I t it l .1- 1 , di 111'. i j , ' I m a t IIhi I I I I- I I I r . I I ;I t I i it I i 1 1 - i

sii i i ii th li I lt . ilr I i t, n*- r i .I Ii 1! 1 1' ii I I i ft 11 ii l Ii I I t II ' I . . I I II l.
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re'it' ae ; silli411 stcadh' stilh' %itI' (its iiit'asured( by 11 K 1 1 I ndicating that tilt, pjtiit upatoit trot'ts-

ha~s bectit quitt' :n't'ratt' aftt'r all the hiast's have livetn t'stiatvd proplerly'. I'lrtlltrillttrt it',c
%arianctn atrix., P . ailso re':tht's iti l'vt'(.Il if) till. steady state'. inil~tyli. u ilt' stnt' estniti o'rrttr

%aiiiit't'> 1iamv itt'ttiit' qtet stmll its tlti filte'r adaptts to1 thet~ ifltiivl dlata (ite. ith( acc uracyv oh that'

1 .3 ia, Es~t imat ionI and L inear D ependency Problemsi

'i1)(M til. Ititationl (11-te (ramlatit'iiVy ste'ad". stalte error., i thl-etinult's of It ad h airt ,'i,

lo itw tjlitt Sijialfi andl thet 'tt'atIV shilt(, errtor coniltionf for thetml is t''hd oon(J thait for itV , IF
1t1a, otiiiilltt's ifthw hit'5lllt ruin.

Nonotwr penomnon im \.I~sob,(r\(- \Ni., ;lli aparilinearf\ (I ~ id tvn-iliI
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(ix. Laillbert ) projection, which allows accurate mevasuremient of' bearinugs and angles on t he m Ti'll."
type of miapk is quite uIsefUl for observing the geograp)hical locat ions of the VtLF stat ionis relaki ve 14) the4
operat i!1g IloSitIonI IISSLIII(ld for the aircraft. A linear dependency aimong certainl VL[F station hia.> ist
mates w~ill p~rolbably occur it two or more, VLF statio)nsarc'almost in-line %% itli the opc4ratln1.i1' 4 141
III Stubh a case it would he very difficult f'or the Kalman filter to resolve the individual V'LF1 staltin
bis e'stimte1As a.ccurately a typical filter res;ponse would he large, c'orrelated1 f'luiltiatiololI till hr
errors for the( VLF stat ions involved inI the linear rolationship.

F~igures I I and 15 show- mapi projections cen'itredo at the Ottawa lot-at11imi ad I );I i St rail
location respoctively the position of each of* the six VLF stations is also, indicatcid. A\-te' Ill
lProection cl'otrod at Ottawa I Fig. 1 1) reveals that VLFstationskW, 1), and MI art- r4 llgI\ litili,- '4' W l
the Ottawa area ope-rating location. Xniother look at the VLF phase bias 'rr4 41 rc4'>on4-44>' I'l1' Oil
Ottawa area start location (ie. Figs. 7 a.lld 11) shows that the hase4rrorrer4'51444115' 441 114s. 1110 4

stations. III parictila', correclate stioiiglItiriig the 'large anmplitud'region f'rm 411II I ' IS mII-
sct-s of Kailman f'ilter exphrins iiivolx ing that sanwi V LE go'omtiy, w114'n' 4'acl \ lF lti ll !1
t Urn is i m 4gramic 1 1'( for 14it( ) t' (st iilllt I( )n by set t ingI the ch IosenI V LI' F 1 it I(11 ) IC, P . 14-1114 111t 41[1

zero).) ter)ft I thatiI th rt' is a (-( mss1('Itlv 5tr41 -4ri '4' c )r lm tIIIl amIionI g I te l~ 41 )1;14 1v> r.1 "Il I],, ,
kk , 1), and( M . p 'l rop, 4j 'ion c441 -41redi Ii 114 1 t axis St rait area; ( Fig. I . ) iIta 41114 h-r l' l l 414 -ti
tiate'5 a VIA-' g'mi114tly vastly dilft'renlt to that (ft' Ile ( ttawa tpr44j4'4't1ill. I1 Ili )i-' S';! l'.i'. i i,

r4 pmal r\%11'i54' VLFI' 1atitm1 cm11ii l11tl4111> that a lw11411- Il-li l li t, h4 ' j "'I 'H '- t .I I A i,
111 . and A\ NI I to) aj Itss' 4t4t I .1 1 o4 ).A 444 ())k iat 114 ll V ,F l' 414 '114 I' -11.,11"'' Il 4'I I I~ .. 7 ,

ftirt Iit r 4'xtltrivll t 1 I c1 4'4rn )hl( 1t4t-> 114 -'It- '114'4' lit III h 4 41 ct, t ,rr.-I;, I 444 ill', ,. II
tln' IDavivs Strait po.51t ion.1

has olo'luollstl-at'4 that. Ini i.' 'l aI. it -'11451l1 to4 t'tllnllt l*44111 .41 m t )I'Is, .412 I- Il4 ' I'4.

aill ac-lurat 'I\ y wit hout ',xcI II, iig 114 k id 441*1 hit -arrl' t id ,I icyd4 I I 1t "'at 1,1()11 1 I t Ii 14'"ll .; , .I.

posiition1 4'll'41 ir a14i! 4'I'41 411 h u w t (((111w14. Fl'4r l-\11I1414'. ;( K\11t1111 111141' .- \( no4111''4 1%,I, I14 u ' i%

XII' "11to 411' A ~ E >' 144 1)r44 s lm wl lglll'4 1) ) h41 i l ' ( 1141 i ()1* 410 p (-( (.;1111 41 l i i ' li I-, 4 'h

t lini ,alue 1t'4l r 4 A ailt ('t 1 ) 1were4 s411 11)4 0 141' p li'4 XII'' Cd I (1.(' 5 r- 111 141' ill -4 4 1 l 1 , 1 ' .44

ti i ,, 14111> jIlI ()111t> 1r'0 11114 K~h i) l'111111 \%as> t 4 %%i .14 id t h eyl HW4114 (414414'I 1111',il1I k i 1 1 11' 11- I' '

I. 1li cImm Onl pII" iaso I ~III n )khngd %1Il~~tgt clll(11illlf~

01 I4 t4la -il l Strit' ' it'rr4 I ilI XII" stat'ions1r4'11 m'llt> Is a 4'111 t'4 1. ti lhsIIII 44114 1,141 11144)4i

1s' tatf.ii, ) a rest 1 1114'l Iivuitr tt'r11i11111144r l 41445mg; tarro 14'i IIs '( t111144 ~il'1, il~ll>14411

1It1111 'iht' I rll lls(111 c ('a l ii 114' rth'> 1) I i is 4 ) plj >44 14I ir 1114 4 I til ,> it41 I444l1. 4 ,mi : ill>
I'' liixt'rlltie.atrl(s or A and 1)4'144>14114'r I 41li ) /14 41-11a llIt 1 411 115' > 11 i\ 4 1 I11411 ' 111111411 illl'

tw alm,, , il'i4411' i1141tli 4 111441 s14ti' 4 1 hit' errori1t' \~w (d' A\41111 11114 M. 4111~l

Ont'. le4 (1tt't ty f' a; tc i I" ' line- w Iot-' lit' 4'4411i4 shu t s i s 1 ause' h~iI 4'41'1i4'r4' . lim li'4 in' I141



of 36) pI sethotir and 72 pi sec/hour respectively. The other four V LF stat ions were sim ulated to have
only very small, fixed biases of 0.1 p sec each. Bioth V LF station drift!- startedl halfway through the
Kalman filter ruin, at the 2500 sec point. F'igure 17 shows the Kalman filter outp)ut error p~lots for this
situation, With 1it) use, leing Made' Of anyV a piori in formiation ab)out the drifting VL.F station.,.! he'l
detrimental effect on all VIY i" as estimates, as, well as on hasic b)OSitiOn iCC Uracy, is q 11.1tt evIdent

once-( the bias drifting starts.

TlABLE: 1.3

SIMUI LATIED NAVIGATVION CONIT'IONS

F'OR A D)RIFTIING. VL.F STATION E~XPERIM1ENT

True start position ILat , Long) 15.0t 7 5.0 d teg

Error ill start Ix)sit ion I10) 444441tcg

1'rue, groundspeed I(VI M I 250.04 kiii it>

Bi-as in measurement of VI 1 11 4.) ku It>)

[ni.', track ill + ,) 1.)44 ilk1,

inII mrii~rcnent i)f tk + l4

A4 Artil, i 1 1 44 4 2._)00~~i

N i. i m 1ir1ir% 1 14 kiwi . 425) (-1

k- I.I it 11 ) 44n pt-% 1i-i m i l - 1' . . ( ill. r I I i~

t im w rini A i- In .r ilk .I i %w l -. 11 ,\1 I( \ ;I.'U l
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TABLE 4.4

KALMAN FILTER INITIAL CONDITIONS
FOR DRIPLING VLF STATION EXPERIMENT

Position: PLAT/PLONG0 - 15.001/75 .001 dev

Bias in Doppler groundspeed: AV. 0.0 knot

Bias in true track: B'I 0.0 deg

Biases in V LF phase measurements: B,.,(i . 6) 0.0 i1 sec. allI

Noise variance levels Same as 'able 1.3

E'rror covariance matrix, P,,

Variance of P A :P" 1I'1) 1.0) deg,

Variance of I 5 1AN(; 1) 1 2,2) 1.0 lI54.V

Variance of B3 P 4:i.:) 41004) knot-

Variancs' of li,' 155 - I', (1 ,0 H I P al I i)It~

Ili (rs tsr to s cc iipsil,aite fur \'1,FI" asd(In it il4. %ithtutu 11i2 i ll I i 4tiit1 4 Il its c s

1t1 h'(Mill HI sHu u>ti ttu:I iio riats' 1) imautrix dIiagtoniatt l CI IUClt %%)lid tiak h) is114 t i i

I Ii r It ss'rii i ) n i r I r I( i c iliter tthis tendency~(~ oif sniusy Il i ll), il s t 's t KaI11111 I II- r I t 115I

Is Hu l a I l n1 ; rials' V ILI I om u e'rrosr cis% :irlim c I,- 1 I'. larniis 1111. " ;i a 1 I ir 11 11 1 11 1

Ill, Iiia 5 dru tr Iwrn/ ill ornls to 'tci i ( i li lil, in ~ i 111 s1t ti'i it , '4 ts ' I li'l

ti)r Iii ii - r ti iitis rc Ii Its' l it- tins', )In il \ I i s\.i~ii - ilc r' i F i;

iatrs:im i is )I s '1w Kal an lldl. qll Isiuu ) ttrlttil1 \%r lust iii-ilt 'I I itis \ I .



28

lI I a 1 (G ) an ri 1 N .7 ), lr I \i d g t h I . Vl l F I lil t it m I, tid NI.an-II.I

ixed! at 10 i t CW o t 1l~! 2500 vtVi e it i aplc ahttm r h)" IIO

t - I n t f I tI I I I(-r 1 F IiA~ M t I I-I) ,it I I, I I if t- r-,In i 'i la i o'

[I t -,t' the ift i ngttl hi;a+s , (4t V IF .tati~n. ( ; id \1 an-rt, luatll ,,-t m l;itod, i Lit , 1x , ,t I t,,

a t o igt' t l I ', th l" igh I (Ii~ i , lii. t Il t ll - 1 itt.1 -, -,|dt Ir(m i i la , 1 1 1 In i J I
t fi , I* Ir h Li, t ,ttI nimt if IlI I ,% Ih t'tI t I It P i'l -11-' t ,iL t ;I t ' 't If,( I I1 1 1 1 t f i \ tkk i \i I+ LIII I\ It, I ; ,
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till A\ V 1.V statk In tra Istiissioln may deteriorate in qu( Lality. uven it) t h t puit o f a los-s 11 .ai
statuS Ii the aircraft VLF I receiver for a certain period of time. E~ventuially, tii VLF. 'igial
will be re-acquired with either

a) an Incorrect phase readling, or

I)1 the( correct phiase displaced hy anl iiltet'r 0nlt'i ofWaveleIiql fromi \ hlat It -'itili
be I knowii as lan10 jlolpiltg I.

Ini ordler to make CflhetiC LISe, ofl( hVLFl data litiil I oiitt\t oft a lKaliii rla\ tn'I I
I- tll ttrat Ic that onit Sort 01't'oIliill12iicVN I)laIIIIIIlin ' 1,-d terinied for tl etl li l fl ald ifJ 'vI

I th oVI V I I hr I keIItS jut de 1 tSt r I Iti. 'Ilo Ii tId. coolSltlt'r the foh)lo\ 1 fIII- %' V I: F ttLaf - 11

'I LIII,,I I ILI ,I I o -IttI I I I i i tI lt tI I \. I r11 I ~ t I'- -t I IL 4L l t ItI I I I tI I i tI , 1- 1 1

, i t- -k It I li I I t I t - i t I.t I I tl - -t it It tI i ta lit - I I 112 It aj i Ir. ILII-II -I I I It o It t It I I I IL Iat

Il- 1w Iw 11 1( tU'il~-t t I i~ 1(, I l t I Il I' lL~ II fitI I~t na t L I It I' III Il-l t I L t' 1 1 I 111 -

I~~~~ - 'ttl ttttI Iit iill'- \\i tt- III li, t I .1 stIl t t I - 'lIii ' I tI. ;ii , L i I lh 1111~ t i

n it t ' ll ii Ir I lt lii ll t(,It dilt -. [[twl t itI P i ~t -Ill I\ i t, I! I ' mii r t I
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4 ('miplett, 1wi', ul \(d V LF iii , il titlh ;A clSt, all R iliatrix dialun. il it' iitnv ll. i , I ll

( I,(li it it) tlt L ' it t I t 1 i t d l' I Ill"' tIt' V I.i F ('" L it I I he Killma I ) I l T t hi I t l\. Il t )I
Il),,)p ,',-r fic;dln I ll l i 'l 1,1 l )ll l ()11[\ . .\ :,Lmlluig nolit cu.' ra.te

' 
positionl c l,~ l t'm4 tt> at tOil'

lth111 ()f \'I. F P I' t t'l'[ q ' l it ,It LI IlM Il w M Ild ( u l,(. tlit. llm .b,t m-% rn.t'l( a lt -ill t~r lif-.m ,. I I all

l h t r I A.t. tiiiucnt ilt' iLt III I,i t.i l I ) t .)I k ' .t - ) uIlIkit , I 11, 1 1 1 ill" i NNaI- I

l il It ti-Ii ' tIt i I I IiI'Iil l) ft I f I' lhlli i l \ I , t' I ,
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then a possihle hias shift will be suspected. In order to avoid confusion from momentary 'glit'hvs' Of
large vallue. N -- 1h shlld he tested for a series of successive values hef ore the decision is reached that

at hias shift has occurred. l'or example, the mean and variance calculation fromt one( set of' 30 data-
points of Ny - h1 couid be used for comparison with the next 30 datapoints in order to (hieck for a

possihbi das shift. If1 all 30 datapo )ints pass somec sort of tolerance test when checked, then a new% no an
and variance are calculated. I lowever. if one or mo rc of' the (latapoints do not p ass the tolerance test.
at further test is done to verify that at hias shift has taken place.

A lo, of filne to ning' will have to he done tin orde r to have the( suggested algorithm, and
(ltner algorithms for handling VLF" problems, work properly with real data. .Alth)Onh Most Of the
VLIF contingency situations described in this section haive been programmed ats part of the Kalman
filter simulation roultine. Mtost of the verification of the logic has been reserved for future work'.

5.0) A CO(MP~ARISON OF FIVE D)IFFER{ENTI NAVIGAT1ION ALGOITHM'INS

In this chapter. the navigation errors of various11 sim pler alte rnatives to the Kal manl naviga-
It ion filter are analyzed and compared to the results uIsing the Kal man filter applroach. A. set (if

sliniulat ionl ex perimentIs is (lescrihed which involves coinparing five d iffer nt navigation algori t hmin
\%ith a range olaccuracy spt-cilicationls onl the hasic data qJuantities. [he five navigation algorithm..

* are further comparedl using real data ac(Ilired onhoard the NAE Convair.

5.1 D escription of the Five Navigation Algorithms

* laely Five different navigation algorithmns were considered for a comparison stuidy and evaluaition.I

0IDopplerheading onilyq,

ii I )o pler; V1.1 cominplementary filter.

iv) A naiive' ve'rsion of the I ophder 'V LF Kalman filter.

v ) .A 'smart' version of the I opplen/V LF Kal man filter navigator.

Brief dlescrihptions of these navigation schemies are as follows:

i Doppler, I leading Navigation This formi of navigation is also called simply. i)ople](r only'.
wit h the tacit assu mptioin that compass heading is always available. A Doppler head ing
navigati on schemle is based onI uIsing t he me'asured, or derived, quantities %7V( 1, ." I VARl

hence 0), as (lescrihod in Section 31.2. F~romi these I opplcr 'heading quantities the( rate, of
chanlge Of laltitude anid longitude. I1LAT1 and PLONC; resp~ect ively. (an he expressed as.

6;077 -VIM Pm co W + 0

GOt [6077 31 coslI P LA'/901

-6077 -V sinlW+0
i'LON(= - - )1 - - o +

60) C'OS (PLAT 711I80) - (6077 - :31 ('0 cos ITA'I'9t
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where PLAT and IPLONG are inl the dimensions of geographical degrees; VD 11~ is inl the

dimensions of mu/sec; o~ andl are inl the dimensions of radians.

F'or the Convair research aircraft, the D oppler/heva ing navigation parameters are samplied
twice per second this is then the sam pling rate assumeI~d inl the navigation sun ut~lationl. A
trapezoidal version of digital integrationl is used to comnpulte the I)opI he(r he(adinig updates
PLAT' (j), PLONG (j ) -at times t 0.2 jsec, as follows:

PLAT tj) 1)LAT i(j - I) + 025 [i'LAT tj + 111,A1 I j -1 )

(5.2)

1) ON G (j) 1) LO NG (j + [),N j + ihONG (j -I]

Thel( accuracy of this form of navigation is directly dependent onl the accuracy of the
assumled start position - P LAIT (O), P LONGtt) 1as wellI as the accuracy of the IDopple1r and
heading dlata used inl the integration algorithmi. Any error inl the speci ficaition of start posi-
tion will always he retained: but, more implortantly. any bias error inl the basic D oppler
heading quantities will result inl a (diverging rampI posit ion error "with t imie.

i) VL.F Navigation - For the p)urposes of the VLF.1 algorithm designed, six st ations1 are, asSu med-
to be opierat ional. Thel( following paramneters uIsed inl the algorithmi are defined:

1), ita known geographical plosit ion chosen to be close to the p~resent VILF po sit ion
(i.e. within a few nlautical mites)

I') the latest V LF posit ion - to be comlluted from incoming VLFA phase measurement
d at a

P' the microsecond distance from P" to location of VILFI station j ( 1......i. a

calculated from the Sodano inverse rout inc

0 the azimuth anlgle from P' to location of' V LF station ji (j - I ....... ). as calculated

from the Sodano inverse rou1.t inc

P : the mneasuired microsecond distance from IP to the location of' \l, I 1tat ionj

0 :the azimuth11 anlgle from P to the location of' VLF suttion j Iw appromoimon

o0 0 11is Valid for the long (listances, invlveI(d

x :the increment inl 1lgitude inl going from P' to 1), ineastirei inl imicrosomi(5 p/ ccl

Y the increment inl latitude inl going frum P' to 1P. meiasuired ill icirocet( i] (p o

For anyv given VLF,1 staitioni, J. the equation vxprvssing the x.increments can lec miltotn V

x I sill 0 y (1) cos 0 ' I



With six VLIF stations in all, the following wt of observation e(,uations is available to
cahulatV a solution for ( x, y):

x sill o y COSQ l I

5. I

xf" sin ot, -o y P c- tI', 6

lDefil Ak sill (k B cos o C '  ) P ;" then Equation (5.4) becomes,

x A1 + y R '

5.5)5

x A(' +y 136 C

having the least-squares solttion,

h 6

I, 1 6

y .*\ - . . • ('

II I Iy 1 Ij I

I I I I

The solution from Equation ().);) asumes that equal weighting is placed oi1 the infornit; lIIn

from all six V LI" stations being used. The plosition, I'. that is used in the calculation s i.(,

Eq. t5.-I )) is usually the previously calculated VIF position new VLF wsltlion, art, calhu
lated e%,ery ten scon(ls, so I)' is always fairly close to P'. Note that the I .y) V holutioll fyi

Eqiuatloll I 1) has the unlls of ilciiroselnds. and ilist I , c converteI to tih' euivahllt inI
units (f d(erees LAV, [,()N(. blefore the new ILAT, IN. c alc.ted. I lin

'LAT - I' I,..V' + y. PL NG PLON;' + x.

) hpplr!Vlel'" (Collllelltltary Filter Navigation The o)ppler. hmitliIl . midI VII" 1i;Il

ion data call Ine Ihbded together into a Xvry simple algorithmii biaId on11 a dhigital .crsil( (d
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second-order complenentary filtering. In essence, the I)op ler/heading data is only used for
high frequency contrihutions to position while the V LF data is used for 'dc' and low fre-
quency tracking of position. The complementary filter design is such that there is a
perfectly flat frequency response in the filter output. The basic sampling rate for the digital
version of complementary filtering is 0.1 cps (i.e. the same as the VILFI and the in;put
(tluantities used are VLF position ( 1) : as COm)uted from the VLF algorithm just de-

fined) and the so-called ten second Doppler update, liD* . Actually, two different sets of"

input quantities are used ILATV I I /tT)* I A I ad ILONG\ Ill) o two

digital complementary filters run in parallel, one for PLAT and one for PL()N( G.

The I i1) quantities are computed by accumulating, via trapezoidal integration, the half
second )oppler velocity components over each ten second VLF sample interval. For the
nth ten second VLF interval,

0.5 [L]
UDLA I( j )  = UD 1  (j- 1) + I IA 'j + fL j - 1) - j =1 ... 202

(5.7

0.5 [. ]
D ON G (j) = D1 ON.{j - 1) + - [i'LONG(j, + (PiLON(ilj - 1 j 1 ..... 20

with PLAT and PLONG defined in Equation (5.1). Define UD*. A I n) D u I I .A 1(20 1.

UD* 1 0 N ( (n) E tlD 0 N (; (20) as the Doppler updates to he used at the nt h ten second

sample time in the complementary filter. The general recursion formula (for ( ither L'[IAT
or PLON() has the form:

P0 U I (n) = * P0  1( - 1) + C, Pot (n - 2)

" " [l',.,,,n) + ( -a)'P,. - l) t a l, ,- 2 0  .. S,

+ (-4 [ D*n - UD*(n - 2)]

with 2-- 5 - K 1 ai

I' l+5"K

5 aK- I

I 5" K

5 K

I1 *5 -K

0.5
C4 

+ .5
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The values of paranwters K and a are chosen to define a particular second-order filter

characteristic that is required. From experimentation with real navigation data it has been
determined that a damping ratio of 0.7007 and a break frequency of f 0.00's hi. gives
good results (i.e. 23'. overshoot and a 90 second settling tinme) -- this corresptonds to
K=0.08:32 and a =0.69952. Based on these values for K and a, the coefficien"ts in Equa-

tion (5.9) become,

C,= 1.324152

C, =- 0.500706

(5.10)

CI=0.29:1785

(',4 = 0.353107

The complementary filter defined abov'e, using the particular set of cotfficivt valucs
SInWified in FA1 nationl 0 .10), is the one that is Used inl the navigation coimplarison siI[ics.

iv) Naive Kaii man Filter Navigation The effective operation of the Kal man filter is highly
dependent upon having good a priori knowledge conce(rning the nominal opeurat ing coni
tinns of the various navigation sensors. F~or exam pie, if one sensor (degrades lin accurat yV.

and that degradation is detectable, then that information is useful to the IKal man fil te r

it can lead to more accurate stalte estimlationl than11 would occur ift' ie( dt'gradat ii wt Iii

unLettOCteI. TIherefore, two different Kalman filter imlpleientatuitis art coinsidetred Il Ii ict

compa1).riSOnl studN. 'The first implementation at so-called naive versutii o)f Iiit' Kalini
filter involves establishing at set of nominal initial conditions fior ilbt' filtt'r Muich h l-i
fixe'd nio matter what tht actual statuIs of the various sensors night Ilit. 'Ibhis t'r~wit in)f Iii
Kalman filter is completely oblivious to anly changes in thel quiality ()f t' Il(oililit (11

o)t iously, if 501110 aspect oif the moa' SLireol navigation data t'baiigt's siiglnific:tiii lY. thinl 111.

filter's pt'rformiance will degradte accordingly. l'Te initial condition sltitIficail ion h("
for t hit nivte Kailmn filter uised inl the conmparison studlits art' nit lined i li ih ._1t

Vi Smnart Kalnian lFilit'r Navigation 'Ibis illnilentatitoii() tJht Kallmnfille1r tsii~~

rotthtti txists tttr motnitoring tbt', basic rtliihuiliiv of' fit', indi% dIual na% li,;Ii Wit Vttior

sttoas it bttt'mits known that a particular sesr(~.I )t)pplo'r, (12 t in~i( V [I

stattion i bas, dt'gralt'o ltis infttrtmitioin ise ist ii lit', Kalmn filtt'r. ('timi pari't,'r )I

lit- tiltill arin, i sit moit i tolfe t 1w n wkvld i I M t114 11 1 d IIl 11 , t(1
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I'ABLE 5.1

INITIAL. CONDITIONS FOR NAIVE KALMAN FILEit

Position: :PLAXF/P[.)N(,, 15.001 /75.001 deig

Bias in Doppler grOundISpeed: B\, -- 0.0 knot

Bias in true track: B0'If deg

Biases in V LF phase measurements: 3 ( i =1, 6 0.0 p sec all

Noise variance for V 1) 0 11: U21 .0 knot2

Noise variances for ck, j: o , 2 0.25. 0.25 deg

Noise variances for V LF stations: ar:, (i 1,. 6) 1.0 p SeC'. allI

Error (-ovarian(-( miatrix:P

Variance of I'LAT , LONG,,: P"(1, 1), P,,2, 2) 0IO000 . 0.0001 deg'

'Variance of B\:P"(3, 3j 10.t) knot'

Variance of B, 1,.) 5.0) deg'

Variances of B,'" P, (5, 5)-P, P). 10) ). 1 p sec Al

5.2 D~escription of thle IDifferent Types of Simulated Navigation D~ata

I he four dIifferent types of simulated navigation data to he c-onsidered are

I) best (11.alitN data.

11) dlata with large IDoppler/hicading biias errors

11i) uda with large 'VIA pihase bias errors, and

IV) data involving VILF stat ion drifts.

Two different aircraft triijectorii s are used in the ;iniulat ion studies, n aiel,

a) straight-inme track with c ostant velocity and]

hb) circular track with const ant tangent ial velocity.
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Detailed specifications on the various types ol siwiulated data are as follows:

i) Best Quality Data - The conditions simulated for the navigation transducers are:

a) Doppler radar system -

B\ = 1.0 knot, o-v = 1.0 knot 2

B =0.5 deg, (j' 0.25 deg2

b) C-1 2 compxass system -

B = 0.5 deg, (j"5 0.25 degI

c) VLF system - stations used are 0 G M A D W
B 0.1 p sec, = 1.0 p sec-;i= 1, 6

ii) Large Doppler/lecading Bias Errors -- The conditions simulated for the navigation trans-
dUcers are:

a) Doppler radar system -

B, = 10.0 knot, tj' 10.0 knot 2

B 5.0 (leg, (2 = 2.5 deg-

h) C-i 2 comp ass systmn

BI 5.0 deg, o 2.5 (eg

c') V1, F system1 Spl~e'ficatio)ns sam(.c as II I).

ii) lart VI IV ' Phase Bias Errors

al Dlo)ppler radar systell, slollfitatios l ala a, III ).

h) C'-[ 12 (mijni L s - -nl4ll ;)(wclflcaH[tm l HI ' Jfjjt' ;l-,1. In I

%AYVI, systtlm t' -'flct':tlml, Sa-. l iis 111 1) 4'X'C,'/.1

B 1 ).)) *o 25. I p t fI- \' ]F1 at 1()n ( 1) 111 i( I

VLF' Stanm l)riftimt

;1 hqq ,,rradlir , 1cmtll ',pi-c('fiati,sh m i I

b)t (-12 t't l ie , ., sttll J t-tI h t' il lSa Yst lcI( ', I I .

' l I, -ystill it If'hat i 
", 

'-) , li e. hi ) '.

BI ,lmm tc. i -,irly ;tr I( p c, hor ,( j 1 . , f, V L. I Inlin



Infornmation concerninug the two dtifferent aircraft trajectories simUulated is as foib wN

a) Straight- Line rrack, Const wit Velocity

Infit ial Position 45. 0 'LAT, 735.0 LON(

Error inI Assumed Initial Poisit ion 0.0)01 LAl, 01.00)1 LONG

Grovito spiled - 250 knots

True H eading 4.15(

h,) (Circiular Frack. Constant Tangenitial VelocityV This type of aircraft trnij-ciurv 1> ivi~flf
for simulating a strong acceleratioln Situaltionl for the aircraft .. Note' 1 )%,1 iwr. t1IIvt I lll

lpartICLilar 111MinMtIvring wouild never occ(ur for aniy length of' tinyc und'r niormal 1,1\ 11
condlitioins.

Iitital P'osition 15.0' TAT, 75,0' LONG

Tangential V'elocit y 250 k nots, clockwise

Raiuti of Circular Track 10.0) nunl

C'entripetail Acceleration 2.93 ft (sec or. 17)5 knitc

5.8 Results from Simulating Best Quality IData

Simivlati00 runs were covidlveied vising tll, loSt tIlviaItV vIavigtil dai ta o(il thel five ]Il dit
iluivigutioln sclwlitis heing kunlpared. Both thc -Jtraight-line anid circiuar tfiick5 we-re coiisid rci at- Woi ,
[1n tilt caw o)f thle straight-tine. conistanot viocity traj(tor% there, was no0 differeviceI- ev tinl liaivi

and smart versions of the- Kalmani filter, so onlY one of them11 was', vised. Fiure 20 cumipliii tile ioi~

position errors lorn each navigatiomn alg(Jritliin as a Ilt-e 00l Of time, over a 30100 seC I-unl Nut 1K i tt

pos ition .rror [I LAl' ERRpOR)j + ( LONG ERIROI{I IFrom Figure, 20) it i-an ho seei tt:;il
((:ig( n 'HXI i- I l wao l ii at Oii-. ivevi wIih 0 as vk 0(1 I (Lin ad t;:. it.sv i vI

ii(ia t rampil typ () I ii i Sl il error duci ti Lil h I lases ii II I()1iiidt5j ed Aiid (Mn i. \ i _ttii )

VLF ti -tliol,-.a~ i t o iln 1ia 1 (iid -(ir o r is( tliii I iiy Iii (-rK~ n )iir T 0 VL .,ii

'i()n' , in t, hu!m jl h V I 1 iitl h t i l ~ y 'I I l,11'11t" 1 ,1 1



iliitlri t ill- smh at Kalman, hut t hi' am pi i r i u lit Nr plit dr aiat Iled, an (Iti s t i t l ot 1i .ij

'Ils't h ii i li.2 '[hi'ge IIIii Iniia irdliol tIV aii Ililc t iht tt a ' nirri h tw l pat' twi t , Id-
( lit it Iirat'd Imumii ii ra ct- ()Ir t iI 2' 11.ui llpiniir track~t atii u t , i ow i l It ;lt.r ilt i ,' r,%,it o

c llac (lill nnitli rslt tt itvia inndata t:1 ii ajui I it & i t 'll~il l 11. iii III

ClIav'i i I l F'ig.' 2 1 am e 23.~ m lg In'm l 22 i l- i fact tht' III, ia it llail Wit i' hlillI
sItrtiiiii tIi' accuacy 1"'r ih i r lrtavigaiw Sit uitio a* d t LIi, ' il ii i, midoo ii i .loc ~ I i; i
hli'; aug w tlujas dser ti citrai jt i'. ciga Iii ing isw ii l t it \' 1.1iii( i' a ill, ii , i It ' iI

irciraf li it a tictr tahing pl'ate is ill \ it i t )I' f ciiij )l ilt i 1 tlt, tha n i K.1iu
5
.11 II II' LA.i- 1_t. .

ni l ti Iiii SMiat'iwu hi r ltr 2 Fn )IiII n i it tuat a dait II 111i )1 11 do -liIt 11 1 i I I -i t 1

I 'ut Illt. gUri' 22 ii atndi 2:) i ur e 22iaiit cuiarwitho i - igttlin'l Iai 1,u~u ) 1 11 Il, It 1 h

hin ituattiu tI' qag'Ii~~lniiiiii uaisi'uite rmai.'mpt small ho tii A. ti d m alt 1 ti .ll Irrri'ii l

lI ii II(in'r th uu'utn I nl i ( t-Ii t ; n a iiul" ' sitil iisu Ad n t 1i.II i ilt iiiii nui XI Iii 1lli t.rtil o 1t sit 11

in ih liinai 4ali, I gith h ijs, i t. mium i (it iiiiutiit "i''ir 11i'i 1uiugii' ,i vmn7ti *i D\ U. II If1I

Fn' ri i gut lv t cu K m a ilinw I l tin- i si, t iun l(oit IoI tii I iuhvi i h ii, ai I I , fi, _ii i s 1llIII

urno ires lIm.l i .V F a m c i il ~ p lrV F , lt~l-!11 1! l)\ I



.5 Results from Simulating Large VLF' Station Biases

SIiiitlatioii resls for navigation dlata involving large Iiaisi's in 'virtain \ IA station pliaso.
ineasurenre tits are compared In Figure 25 (for thet straight-line trajectory), with V LF stat ions 0 andl
sinrul,1ated to )have phase hiases o)f 10) M Sete each . 'Ihe( effect of these two VI Itbiases is, ofuite e-vident
for flte V LF alone, and 1)ojpler/VLF complemerntary filter runs. In bo0th cases, an average total pI-

ion error ofl 1 .0111nm oeLirs recalLiSC Of the signlificant hiasis fi the two VLF' stat iii> .Note that thet
r'ornplemnittary fIlter still te~nds to simoothr out the VLF data.l hut It tan do0 no(thinlg about tile V LF
bras, errors. (in flte Other hand, bothi versions Of the Kalmnan filte r ,fhow position error improvenleti
v. ith timec. Thi naive Kailman filter respnse IS quite' sIluggishI hecafse' Of the Hii..uia initial conditionl
'1ariano'i level-s for all VLF hias estimates, o2 0).1 p sece2 , all I. Ilowever, with applropiriately large

timlt h ontdition varianice levels for hiscs Ii VLIF staition 01 and G I r~. o 2 100)1) p See(- J. as

dIrfiniii fir tlihi smart Kalmn filter, tlit, speed of response Of the( crror-vecrSLS-triII plOt is r'il

Arih nr-ir I. anid tic ste-ady state, total position error is qulite low .

A, a furthert chieck, inivigationi data for the straiighit-line trajr.tory waIs sMilated With 1)(01
lt, D)pplcr icading hiasi's and lairgi' \'LFF biases in) stat ions ( ) and G. [his %% I, din' Ili oriir toi

t..'rit I CIilt thit suitiiriimiiOsir dhatao risliOrsi %ilis " V't~i tlti Sailli &S till' SLIMi ol' tiW ili~idIidIa
Ks~diiiri filtter W~loiss %ith li ti V'LF hias crrils tirhuii~t it tlirotput error rlslloi,( fbr 1114-

I Ij r ill\ imiliti ~'if' it I)LtrsI. flt- lairi- ~~ licatmg t -rror's, dliiim;itt'l. 1'eiii'-

'0tndl 27,?,% sill In iiliilr sit (f Kalmian filter err-or ri'stOnsr' 1*'oi 'arhi ( it iii lvi. anld sIiiiiit

%,rimis (d' tin, filter i orrcsiil to thiissuipcnmip()stIla iiiigati~ii datal sitnatirl. Iroi lilt

Kit no i tiltcr crrr ihitlltnl I' igir 2G it i-a ;ii hu i ctii hit th Di I) pj Il'r licad iiig hmt in' , a I''''ix ~td
i tsI\ ,Iml it litr't\. , vhilt \ IIV ihls 'stirIhiilri i m ( nir(- slg . 'F'lier. 1, i s11 )i al()h lIm>

S)i tit. )tfirr ilt, ma' riit Kilrnaii filtiri Irr~r Olttliuts fFig. 27i 1 o)k Ibiud rilI iris Ilw hitiari

5 11 * Uli'sults f r!inm S'imulating V'I Station IDrif't

ru rl rI r iuirii.'ii c-Iirt ~fli i f. lilterl I )cII. with Ir. filil 1 i(t, I til p . i ii.' ilitir r'lmii

, rr,,rs fr Iit, iiiu. ,ilmi i tilt-r riin \\ ith VLF' tt itii ) drill ii. I lit is l it \ I'. 1,1:1

m1 i it, 's i f VI ' sit iii I t pii( 5 ii!15 am is ' IIW , iIitIW " \ i it hlkl .I' 111M , if it % I l( I I' is. th

,I I~t Result ( n ) 30n Reja I ll-,ii irrqimi , )1 a il ~r ~linIit- l,\II
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i.'i'.'..iry. id .'oir'o' fi nrict' to havc-e t'rc'ii'. pniiits ftr i'staliishiig niavigationi crror ais a tintiiiti (

I i Ir - N %rfi-wn. togetheir with tilt- timet and t'o)rrii',t gt'iigrapilital locationi. N oti that tilt' A(I Ulii'
()I tlhi'.s' MIi tolls 1. fill1 toi he' withil (1.1( 11in. The tal iitliatt's that thin'c are ahitit 57 iii iniitc.'(

L1s0al n iat 1liatl( inn~ daar i the known s;taliit Olio to tin', final m)-topl

TABXiLE 5.2

INFORIMATION ON TH lE VISVAL RE~:~FRENC'E POINTS FOR TH'IE NAVIGATlION Sil )

Ty'pe of ( )n-'Iop 'Time from St art ( iigraph ical I neat wnii

lIntersection It"' 25-'32 01 sees 15 is 7 75 :i 1 5

Ottawa \'(Oi 290) set(s 15 26 :M' 7S S3'50

Kinhtirn Bleacom .5 1t0 sits 15 25 ())r 7t (iS .),

rniprior Bridge 1 130) 1e5 26 (06 G 21 li

Kinhurn Beacn 183I0 ses SS(.i s 0

OLUawaI VOlt 15a20 sees; I.- 26830 75 58 Si3)

Intersect ion RW 2 5-: :2 1790 15'sI 185'.- 5 3S .1 55

I 'plands Beakon I 1)) sis 15 18 IS 1 75 29'36

I 'planils Beaton 221 t) c its 15 1381.-) 5 29'.'36

Ottawa Be'acon 2790 see-s 15 2 1 :)(;'' 75 33'11

lintcrseit ion 11W 258:2 297)() wcts 15 1S' 7S 5 9S

I? Ide'atIf-(arlet~ji i Ratcetratck 831830 set's 1S 1 7 IS'' 75 15'

Ottawa Beacoii :1113 sts 15 21> 7-6 -,.53' 11

Fo(r the liar)ticular navigat in data i liited lite V LF sitiil availaihli' \\(in IL. M, I (

and R-~ Figure 811 shoiw; the rilativi' liiatins f theisi' VLF" statWis LisiiiIg at LAiiili' rliet

te.ntreii at Ottawa. It tan he seeni from this piriijecitiiin that t lie \'LF eliii'tr is l lit l lwit. \itt

many oif the statinsalmost inI-lile. '[hi possibiility o)f VIF hiniiar di'1 itlic wiei' \%ill th. ii ill- qili i-A

and this fat must h~e takin intii atccount when tusing tn' Kalman filter illroat h. VI. oiiroiiii
stat is ii's. liase'i i 12 sainjiles foreiai'h statiiin, \%ire , littliltil ivm b iii i iiii. \' 11 ite'A isl'l j tlt
)iriiir to ilte iiavigation flight. A.s will, aI ininparisim i()f ti't rawt VIF %%xtas mail' I ltV. il t art lt

data aiii tfi'l VIA1." data at the 297)) seci piiiint ) hut hi tif til,( Ins' iisitml ir Hi lit iM lilt, 2 I""( rs.

to swe whi'th'r or inoit any VLFI liias tdrifting was taking plai'i. Theii risijit. i miildi tlwn 1w i';' I
thc 'stitnlati's if \'iI' hias arrived at hy using the( Kalmni~i 'iter. 'llii iisi' \:iriaii' .,t imiil- ;iiid lis

V'LI" idata i'iinisis are dlispilayed inl Talile S1. Friom t his t;ilili it ( I he. stll t1. fillt, VI I, 'ld

rin noise varianices differ witd'ly from one statin ti) tlii' firm'x hut all an' \v.ill liii,\ IIW till'illi iii

1 .) p sec-, eviel. Tlt' V I ph ilasie iias Shifts Ie. , p si'i ). i (ii'iI f VLF' mi 'un' ilt, ik. ii ill'Ii

minutes apart, are all fairly smiall exici'pt for tlti hias shift iif VL 1" tatimi RI .e A lis r(lik it ititii
II s phase readings revials that a fixed drift rati' of iloiit 17 A)i p ii' hioiu' i'\ 1st >at Iari-ilt I\ i Iii'
nai'imram'iis In fihe friequiency oif transmitssiiin. It was, frit H imt it wi iill hi. i ili-al 14ist I. i tilt,' Kilmiit
filtir tii try tii tracek thie known drifting \'IYI statiiii. 'I'is ;iirtiiiiltir ri-al VLF idata w\as i'iiiiid.r.'lI
Ilii utitu' ri';inisintaliii o)f what tii iexpec't it) In' %aiv iif tvpi' al (ii' l il'fi2 tlilcirsi' (fif a'ivht
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'TABLE 5.3

VLF SI'A'ION INFORIMATION FOR TIlE NAVIGATION S''UYl)i

Phase Measurement Phase Measurement
Station (,roundrun Variance at ' = 0 Sec t T= 2970 Sec p Sec

L 0.0 12 p sec '  9850.5 p sec 9852.5 p sec 2.0

M 0.005 sI.'' 3661 .4 p sec 3660.0 p se 11

1) 0.103 p se(' -1138.9 p sec .11-10.0 p sec 1.1

G. 0.093 p sec- 210-1.1 p sec 2103.A p ste 0.7

W 0.011 p se- (5236.6 p sec 6236.9 p sec 0.3

R 0.61 1 p sec 6783.5 p sec 6797.6 M sec 11.1

TABLE 5, 1

RE.\I, IATA INITIAL CONDITIONS FOR TIlE, NAIVE KAI.MAN FILTER

'osition: I'LAT 4'LONG - 15.3158 75.(;(;5:) dc

Bias in )oppler GroLunISItd: 1e , (0.0 knot

Bias in trut' track: . 0.0 deg

BilaS, II VLF" phase nlillSurements: B. . 6) (.0 p sc: ill -

Noise varilane for Vl(l P: 1. 0( knot

Noise varian'ws for (I ': 0 0 2..2.2.5d , e

Noise vanria ces for VIY stmiotwI,: f; 1is I l i ,)

Error ('ovarianc' malrix. P

Variances of 'I..V l PI,()N(; I 1 . li I' ,21 (2.( l2j (1 ) 1 d(lI

Varianc]of I. (o.f''H lP )1. 1

Variaii,',if "  It .' I1. I) ](It), I .

V m t ,, , f It I' tg ,- (I I' (111, t 1(1 l p '. I



Tablie 5~. ilticati's the initial condition specifications for at naive version of' tihe Kalmtan
filter that was rLnI u1sing tict real niavigationi dlata. Specificat ion of' VLF noise varianices based UI til

groununi measureincents waZs felt to lie qJuAitevlid, CvenI for tit(e naive Kalman filto'r. since hs

ni'asurei'iitits canLitt c ccoplishled quite simply before tile start of any navigationl flight. More ivr.

noise variances for (k, 13 namely o2. i were spiecified ats 2.5 deg e (ach, based oil e~xamimliig tb'

raw. Doppler 'liladillg datal again., somnethiing that wou)Lld nlormally hi availabler. 'The varianct' onl

1 nd f, ere set quite' high inl order to estimate any Doppler/heading, biasc's vei'v (]UiiklV
I lowever. tlie variaiices toi all th iti'' I3s wire sit fairly low to avoid at stronlg initeractitil alilltilg Xi

bias" estima~ites hkiut'aSi Of tile linecar diipitiitt'icies kniown tto exist. Fig!ure 32 sbtws iii'r Kaiiniai fili-r
0ti)ILt.S se onCL tile OCsittificatins defined Ii 'Fable 5. 1. Inl Figure 33, till assotiatid poush ion ',r'or

atre dispilayed(, iasi't oil thei 13 vIiua fiXes avilaleh during the t'onrIS,' of' tile' fl ight. It tallI he t'l nit'

these5 position e'rror plots that the overall t'iror is fairly small for over half the flight anid tileni it strt
to incirease. 'I'm'( iihtrctig error is fetlt to lit dueW to tilt 'effec(t of' V'LF StitIOl R's driftin ll vilt iiallt,.
tilt p)11151 driftiiig huigins to effect tin' Kalman filtir aciuracy . .indging4 froil tilt VL IA'I ibLc hi
est mlate's Ill 'igtir' 32, ilt f'iltt'r is atteillIitiilg tti foullow tiit' di'iftiig Ill sttiton Ri hUt JLIst ci'iilit kt-t~l

opI. Thet inlfiormaltiiii froiim 'lale 5.3 suggests thalt t'stiillIatiiil (Ii tlt' VLF" hais's Ill 1, midt -I I, ;t lt

jtriuti'tdimig Iii the- right dirt'ttioii. I lowu'vt'i' tilt ttir XI"F bias i tlillaites apllla' to lie In' Irrt.'t1!
ilttilt thii lilt'ar dtepiendenciy proitb'm is maifibsting itst'lf. Ili iisari i'iilt Imi ii't th2~hi \
I) iltl i' ea ilg h ias, (.ist ates te rcsi ulve d rat tinr (Inickl\ and Ow iti ruiit at it as' iI i V ii<il

Ili ordeir to alleviate tilt' dittrilititi iftfet of XVLF" Itation R~ uriflic. ii -initrt Kitlmii,. i'

was ttlgllu't sj'iiflualvli toi'aick ;tatitntit Rs hiftilg bias. As \xu'Il. tils (0st Ow Ki' alni.i,n I.I!

Iiimc'11in tll (it nstitttwig, liii twit largist VL 1.1 bases, (ls dtirm id fiomt l'I .2i 11

it VIY' sttisI and M. 'T'e ihaigis that were, iiiadtII to thu( Initial t'oiidititins1 ()1(1 ri '' (tI!!1,

>,mart Kalmai filter art otililci Ilii Lil'h 5.5. N Ii'( that the 'rriil' tovai'an't, ii~ ii c

I 'fri'sPitiiilito i VI'. hias tstiiliaitt' ill stiltiolls 13 OG(. aiid It' tit'. 11' 1. 7i )' i- 1o

sin ws it' ni 'stil I iW %si il Ioiil eIn iNatt it' im filteri eth 'u iiic, as it fI( 11l Il)u 1' 11 MC \N 111 FiL~ '

shw ''aittiiil tinti i' boit' i" 17fl tit ll(.a3i' flht l data. 10 t, ro I.1I - 1:1 ~

OMI OW d ift.i Istoi 1-P (C10r) I'qr~c. hm. (.tllll lii-iVLF li, tild N

Iip).tr I( r p o rhii iii tii ruii dic to l 'Il( rtIit Ill 'ii5 iik;t 111 1

Ili(rcai o t.\% mt d milLOw m tia , tr ii~iiit --li ll II Kimai lto i t u ii md I I ii



A\ tittiilpai'ntm stuid\, was CM'oIttttl for tiit saint,' set i)f ral nal\'igatlm data. 1ll\)I t~ig tilt'

%M'BtrioS Ipn>siblt llii'I,1g01 tiri lorithnis (ite. I)oltpItlr ihtnt, VLF. ilit'. itid I )pphJ VLF Jr \ 11 -Il 11
lir\' fltcr als ill js tih' different vt'rsiolis oft tin', Kalman filt(-r). 11w, rt'>nI[.5 ofI tis Ist iin, r
snm11marizedt inl tit- ctiliparismn 1(lots siotwn ii l igtnt :)I. Naivigation atirim Dipli al tilt'c i" ,pr
1ngly% 'i'rt' wo ]it tilt' totall Itilsitlonl rror iig toi at lit ' t o(-, t'r- 2.0) inn Ii fttr ( ilt' iiitnr. NM()t ii
tlti po)sition tirrors woomil hawn ht-cii htigher 1'(r l~oppli'r o)il\, nigat on It a straight-lint' iirI"1
trit'i'torx viMIat hk'lti l isiti fllstcat o)f tiit( iractrtiack plttfIms that wt'rt'I LOW! ail rii_(i) ilt' 11Maiti

tl)lSt''o i c lot i l (' . showsr i oitiii'i cr li'' t'iddt o lt i ,ia' fildt'd (I' o tio r r'll' '1(Lll-t-lkit s '' liili

is1 l tro If tiI I '(iiiliL I itltr 1itk 'isi to 11,ts 2(1 F 1 1WI)Ii- I In aft It r lll- rii rl ip'I. V I , Vi illi III
t ift UlItIII Is' Kalisoit ht itlt I t it* 11i I to I II I rt Iit I r'i I t I I t ,trs In rf Ii' ) li I Ii I t 1

I ii it,'s!I It it 1 tilt' i It ' ixi liiai l r Itk r Ilt ( t id'li ).rt 2. i 1ns iLi I I t i I- I i t I i t 'lii , i I( I I i it .

Il i % il t I sM. t ii tiltU'1st tilt'(o Ii' (-Ii'\'it O il t Ii i lit (11-11 tIt! ill tV I ,'FL~ ' t lt ' l y I'll,i~ 111 K a' ii m

i t I t I til i I iI 'i I 1112 I til 'r t I i'\ .i \ i 't K lFt I I ( st ii SIt hIt I ill ( %''' i r i i I t'I i lt K i w filt ,

l's rh ' li er ri'ill l\' l ti tr. tilt' t'iii_ t :itltIltllr\ Ilif ii' 1 t'i itt ll KI tll iiil'f't't' I i X II'



Ouit pult errH's fromlt a naive X'irst it (4 the K~talma t'itter (-tl he a Iut larger than thi4 ii f r') itHL

mttart \'utsioll. Ih t iive Kidnttai filter navtigatoir aiwuars to hci-siutejalty scii,,tivf- 1,) lii l
cIitlti l t Im spetict'tionl i r iiti tilt (11n ittv ()f thet iul;it l tl i O Stat .,, of tilt, iariolul. \'IJ

'i d tll liug lstS
1

.

I 1\:ihttlail tilt in i navigato r has dtlIHI hittr:it I I it, acculracyV wilii applicd( to t\1 a' Ica

iLiIatwll~ ilLitli t,%ei to thel (,t(tuditl lt ini, iih I)l tirulk' ;i tat dlifilii \'th ' Itlui

6.0 CONCIA. StUNS

*I A.\ns:sntent of' the Kxalmian ilhter Approactlh to Nt, igition

11w~hIILL h In~uil' at V Frn Katizi gi l .iI'tt jd ti Il tilt" lIvit jit Iu i a t h' I Il' f il v I

J1, h ii fkr 'iii I: li:. I iit mI I ' I f I ha X'd
1
w- re ui a l it n'ill, I ''LI i IIII L - itIl l l ()1(\1- 111

.'L h LIII_ Ih( r~im'IHL L' I'LL LLm IXa ILIILL XI L Imogli l ' Ill. INIDi'X f. tit'' ' Il

dlict~~~~~~~r nai n il s(;l e Il d le 1 )(( icd ro ik i w e te w (r n- tt-(u lt I

I' ,L' lk i u a fII( a i In v g a o ru ~ L(,F tl m Ltt , (I(,,I I K i' i I i r

%ill ". !IiV f l' d t ll ~ I r (k L Ftld h ri,- I

iI I.L ''ll, I. LL tp IL f I l l lll Ii k-LL,.Ik o ! t( 1 j j l , k 't

'

X ~ ~ ~ ~ ~ ~ ~ ~ ( o'LI'III L L IL' L
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simunlation work or exp~erimients involving real V LF data. .-, c'an Ii, seen from tilt- re',nlt,
ptresented Ii til, repIort, proper handling of the rawi VLF daita. e'SpeetalvI\ diiriig till,' varioun>
alntlillolls situattions that can arise, is, critical to the SneeesSfnl op)erationi of tin' Ilotier

VIAF Kalman filter. .\LIeh has hoten learned ahout V LF phase hias est imatiloll, thel zi, ,ociatecd
Iiiar depeuideliee which call OeCUr, and thel possibility of hias drift esijimitioni Nt'verth'
less. a great dleal more work canII anid iionld I)( dotpe ill itis area.

ni) Retidl lme P'rogramnilig P'roblemns A definite. (lalleiigl' will Iw thw i'>sl 4n atI IIIpI'tI't-11.
tiltionl ofI a r-11I tille versiolt of thel Douirr V'LF Kalman filter lilr Un> onhard tilt' (tiilian'

rcst~itrci aiircraift. .\Iltiogh tile, Kalmnt filter >intn.laitiott routliil be> i pi!t' idO if I
>in Laii. :I t mi (('Irat (l ii ooril itt 1it't. To' major %%rII Ill i Ill. cvol v'r'.li

ot' the Kalila filter simiuiation routjines (written Inl FORTRA{.N IV\ and ojwitill. at
pre.I t lt.i the IBM :;0:)2 TSS enivirolnmenlt ) to lt. i' Interttit -1:2 milno'' nopnr )Ilh,;r

tilt, ('onvir. A\t tue. licart of thel toohleml will in' tll' tollltlititiml;i >pee(d indit 8Itllt' \
Fi'''qoireCf to t~ltaitt' liii' Kalmim filter mtixt re('irsli~ll t(LittiIoll> ()1in' 11W:111')Io r'iiolo411

tile' Coilltl.o1al h~(lt(- llmight IW to leng9then t lilt' tilalitI' Iliitervail froml tell >et of'-k t
>av. t ()rt nil tirt\ stuolmis Sin1111lat[101 stmIje>N nnuiH IW (loo1c to dIterltllo, iii( t 'f

loiger lfte lttuxaIll tig"iit halve onilai .tmto ac' 'ritcy. Ill'' cI't- 10 sinlllat iwi

rills inl tilt, '155 eomromLiliiit airet.;I~v for till tell seel(IIdltijAltei e a> it stal> Itt'%

For l'xhinllt-, it 1'051>1 iI lotit Sai0. and( take'i 100) steoiaL of (I' itim for olt Kailll:Id rit
I-L nill Slg tilt' 1011C.s (Jtri of re l tliiit%1 : 0 ) lol atat.

in IC ivi Will hCt iI-tie1d Iill) o ngmIL(1tt'd ve(rsion (II th i 118\ ill loll flter" ti(, 'l,III ill

tii :t~port. 111l1 llt to,1il'itio id( to l)( olatieLld Will prohIahl\ 1w Owp Littlml l'l-I I

Ol'1 l'tl llav'Ltt'. tile k illll~n l fo ilter i111 lilt i stpr achtill lot01 a in fto lilt, i ll; I A

>llltil~il tllt ix' 1111tIr h l il to ' and\' t IfIf lii ts posito and11 I t 'lt t i 'I 'I'll I it' t, I' I- ' I

Thc \LkiII)'.:\aIl' hSc ltl % ld ly t e'm il h !, ~.t ,I))i1

lit'IIn tiditi At Ii.t lp k. t p ( o t h ,p *)~fl i , I l

11)" -ttil sv t(.ll 1 Il(. is 'l litfl/ DI p c .h a m ,,iid V L i i iT .i 1 1
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DOPPLER BEST POSITION
DATA ESTI MATES

AIRCRAFT HEADING KALMAN FILTER BEST VELOCITY
& ATTITUDE ALGORITHM ESTIMATES

VLF STATI ON BEST B I AS
PHASE DATA STI MATES

FIG. 1: PROPOSED DOPPLER/VLF NAVIGATOR



- 52 -

V)

L)I

> 0' Lo.

+ ) > -- 
0

a- D 
LI-

(>AC

Jnnl

Ir 
L-

U ) L oc r z

<0

n-2 (L±1L))
L<01 L'i ~ ~

X CL-

> (f)nU'CL 1-- 1 jZ LL 
i f) (

'Cl z (,) - I< QZL-) LLI J--------- C) -- 
"

'CT Q . & C
Lt.



-53 -

USER I NPUT QUANTI TI ES

-KNOWN SIMULATOR PARAMETERS

-ESTI MATED I N ITI AL COND ITI ONS

CONVERSION TO PROGRAM

OR IENTED QUANTI TIES

(nm/eec.. rod)

7- moan
FLIGHT f - varlance

TIME___ - True H-Ioding

MON ITOR -~___ Truc S

L TRUE RANDOM DOPPLE~R
P051I TI ON NUMBER NAVI CAT! OH

MULATOR GENERATOR S IMU ATOR

-DOPPLA±R GS

14oad ing/
-DRIFT/

VLF PHASE
MEAS!JEMENT
SIMLATOR

INITIAL ESniMATES usfic
____________-Phase) dIfference

KNOWN PARAMETERS

M R71 N SI MA E KAMAN

/DISPLAY UPDATED
ESTI MATES

-& ERRORS

FIG. 3: BLOCK DIAGRAM OF KALMAN NAVIGATION FILTER SIMULATOR
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FIG. 14: VLF GEOMETRY - PROJECTION CENTRED IN OTTAWA AREA
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APPENDIX A

ALGORITHM FOR HANDLING D)OPPLER BEAM FREQUENCY D)ATA

The raw Doppler data consists of three RF beam frequencies each sampled at a twice per
second rate. The beami frequencies -- f flI f, are defined as follows:

f i: starboard forward-looking beam frequency;

fb: port forward-looking beam frequency;

f,: port backward-looking beam frequency.

The components of velocity in each of the three body-fixed aircraft axis directions (I.e. U : forward;
v: starboard; w: vertical) can then be expressed as

L0 [ (fl + 50000) -(f + 50000)] /8.925: (knots)

v = [(f, + 50000) (fl, + 50000)] /4.4625: (kn(e'>i (A 1

w = (f, + f ) -50000]1 /20.576; (knots)

To convert the velocities u, v, and w into a straight-and-level co-ordinate sy'ste-m (x,-
x positive forward. y -- positive to starboard, z - positive local vertically upward) ot- nllt Ilm- thc
pit Ii (0) andl roll (05) aircraft attitude information. Assumning 0 is posit ive for .os?4-up alttt de anld -
is politive for right -wing-down attitudeI, the three straight-and -level component s of Doppler velotit V

becon- -

V\ = Cos 0 1 + sil0 Sill v -. il- os

V, =Cos *v Sill sn w (2

V/ - sil0u 11 Cos0 sil 0v - Cos 0 osqx

Thel( groundlspeed (VI, () and drift an -le (o) qtialititi' . mlore uiseful III t-e D j 11r n1ix IL:.i

tiOfl inlel. are thI hex ;pressedl as

V + v\ (k nt, I

(I rct an I A' V : ri I :iw-
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APPENDIX B

VLF COMMUNICATIONS STATION INFORMATION

Letter Call Sign Location Frequency Radiated Power (kw)

Designation (KHz) Nominal Authorized

M NAA CUTLER, MAINE 17.80 890 1000

W NLK JIM CREEK, WASH. 18.60 250 1000

L NPM HAWAII 23.40 140 - 630 1000

S NWC NORTH WEST CAPE, 22.30 1260 1000
AUSTRALIA

R GQD NNTHORNE, G.BR. 19.00 - -

G GBR RUGBY, G.BR. 16.00 250 300

J NDT YOSAMI, JAPAN 17.40 125 500

0 JXN HELGELAND, NORWAY 16.40 150 350

A NSS ANNAPOLIS, MARYLAND 21.40 500+ 1000

D* - LAMORE, N.D. 13.10 9-10 10

* D is actually an OMEGA station whose side frequency is being used in a VLF mode of operation.
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APPENDIX C

DEVELOPMENT OF PLANT NOISE EQUATIONS

It is assumed that the zero mean, random noise processes uv , u, and u, occur in the meas-

urement of V 1)o (' a, and 0 respectively - the noise processes are also assumed to have constant

variances ov 
2, o-, and a.- respectively. The measured quantities (V1)0 1' a, P3) can then be written

as follows:

V)oe = VTr + BV + u v

Oa = a.'r + Ba + u (Cl)

= 01,,130 + B+

where each measurement consists of the true value + bias + random noise. It is then necessary to
express PLAT(t) and ILONG(t) as functions of the noise processes to see how these noise processes
are propagated through the basic Doppler differential equations. The continuous-time Doppler equa-
tions can be written as

PLAT(t) = (V) 0  - - uv) cos (a +- Bt- B0 - u - u.)

60
(C2)

-(V,,o 1  -B - uv) • sin(a+g- B- -U-u)
PLONG(t) =  o Bu U

60 • cos (PLAT • 7r/180)

For simplification, defineV - VD e -BVB, - B + B0 ,u, - u + upo - -0 a

+ o02 , (a + g)o a + 0 - B,," Then Equation (C2) becomes

PLAT(t) = (V - uv) cos [(a + 3 - ua60

(C3)

oo- (v- uV) sin [(a' + 0)"- '.
60 • cos (PLAT • t/180)



-94 -

If Equation (C3) is expanded, the result is

V
PLAT(t) - "cos (a + ]3) cos (u) + sin (a + I)I sin (u(,)]

- [os (a + cos (u) + sin (a +) sin u 4 )]60O I

V. [sin (a ), cos (u - cos (a ) . sin (u)]
60 • cos (PLAT 7r/180)

uv • [sin (a +, cos(uo) - cos (a +) sin (u,,)

60 - cos (PLAT - 7/180)

The small angle approximation applied to uv and uo a implies that

1 f

PLAT(t) - [V *cos(c+3), + u V, sin (a + 3), - u "cos(0+3)

- u, ua • sin ( +P)"

(C5)

- V, "sin(a +),, + u,, *V " cos(a+0)" + uv .sin(a +f)
LONG(t) 60 cos (PLAT • /180)

-u, "ucos(a+3),

60 • cos (PLAT ' 7/180)

In Equation (C5), the noise cross term, uv • Ul, can |e eliminated because u, and u,,,, are assumed

to he uncorrelated, implying that uv • uo will have only a seond order effect at most. With this
approximation, the equivalent noise processes in fLAT and /LONG, uI A I and u, ),,, respectiwek,

can be expressed as
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-uv u&Io
uLA I = I6 cos (a + 3)( + - V. sin (a +

60 60 (~3

(C6)

[uv- sin(a+ 0)0 + u -V) .cos (a+13)(C6
LONG 60 • cos (PLAT " 7/180)

and the corresponding variances of these noise processes would be

a 2

2 = cos 2 (a+3) + 0 20O1 A I Co -" sin 2 c * )

(60)2 (60) 2

(C7)

0 1O 2 [ "( sin 2 (a+ ), + 0 2 2 +

N60 • cos (PLAT • 7/180)]2

The equivalent noise processes for the continuous-time Doppler system of Equation (C2)
have just been defined. However, in order to calculate the G k needed in the Kalman filter implemen-

tation, it is necessary to look at the sampled-data version of the Doppler state equations. Including
noise processes, these equations can be written as follows:

PLATk+ I PLATk + (Alk - A3 k BVk) sin(B.ak) +(A 2 k - A4 k • BVk) cos(B ,k,

1 tk 
+  I0

+ - f u (V) 0 1 - Bk) • sin(ae AB- B k)dt
60

Ik

0 f u+I cos (a + - B k )dt (('8)

60f I 
k

[(AK A3IhMk "Bk 'os(B k ) + (A .1k "B\k A2 k sil(B, K)]
PLONG k+I PLONGk .. . . .. ... . . . .. . ..

f Tk (V1 1 k v s( B.,I t + . l Sl ( k)

60 • cos (PLAT k • 17/180)
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where

1 tk+ I0

A 6k  - f VDO P •sin(a+p)dt
tk

1 tk + 10

A2k - f V DO P ' cos (a + P)dt
60

(C9)
1 tk+ I0

A3 k - f sin(ci+ O)dt
tk

1 tk+10

A4 k - " f cos (o + P)dt
60 tk

As a simplification, assume average values for Vf 0 P, a, and 0 over the integration interval

(i.e. for the noise terms only) by using their values at t = tk + 5. Furthermore, define new random

noise processes, u, and uV I as follows:

tk + 0 tk+ o

- f u.dt f (u +u )dt
tk tk

(ClO)

tk + 10

Uvk - f u v dt
tk

With these changes, the discrete Doppler equations become

PLATk+I = PLATk + (Alk - A 3 k Bvk) - sin(B, k) + (A 2 k - A 4 k BVk) cos(B k)

kA + +A6 u
A5k " U*k k VUvk

(Cll)

PLONG [(A'k - A3 k BVk) cos(B, k) + (A 4 k BVk - A 2 k) sin (B ok)]
cos (PLATk • 7/180)

+ A7k • u0k + A8 k u~ k



I

-97 -

where

A 5 k - 0 (VDOP-Bk,,) • sin(a+3- B, k)

tk +5

-1
A6 k  - cos(+3 - B.k)60

tk+ 5

(C12)

(VDOP -BVk) cos(a+- B. k)
A7k 60 • cos (PLATk " rfI80)

t k+5

sin (a+3 - B.k)
A~k - ________60 " cos (PLATk • ir/180)

k+5

In spite of the fact that the continuous noise processes, u. and uv , are assumed to have

constant variances and zero means, the corresponding discrete-time noise processes do not necessarily
have to have these characteristics, mainly because of the coloration effect that the integration process
will have on the noise. Nevertheless, for the purposes of the Kalman filter implementation, u*k
and 4 k will be assumed to have the constant variances - 2 a 2 respectively - where o

u~andand

and 4~ 2 will be chosen to have about the same order of magnitude as 2 and o .

From the foregoing developments, the discrete plant noise process can be identified as

k - Uk U*OkJ (C13)

having the auto-covariance matrix,

v2 0

_k (CI 4)

0 o

a.I
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The associated Ckmatrix can be expressed in the following 10 X 2 form:

A6 K A5 k

A~k A7 k

0 0

G k E(C15)

0 0
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APPENDIX D

EVALUATION OF 3dPi/3PLAT; adoi/aPLONG

Recall that the general observation equation for expressing VLF station phase difference
measurements is

0ik = dg~i(PLATk,PLONGk) + B ik + V i 1..., 6 (DI)

Now d~i represents the relationship between a specified (PLAT, PLONG) geographical position and
the theoretical phase difference of VLF station i (PLAT, PLONG in units of geographical degrees and
dbi in units of microseconds). It is impossible to express d~i explicitly; however, each d~i is readily
calculated from computer algorithms that can generate theoretical VLF station phases for any
specified geographical location via the Sodano inverse routine (Refs. 18 and 19).

The partial derivatives, adi/3PLAT and 3doi/a)PLONG, can be expressed fairly explicitly
using the following argument. Consider a geographical location, P, and a VLF station location, S, as
shown in Figure 37(a), with dp s, op s, and a. the distance, phase, and azimuth (i.e heading) respec-
tively from P to S. Consider, also, a small change in latitude only, ALAT, in going from point P to a
new point, P', a distance dLAT away. Let dps, Op, and a, be the corresponding distance, phase,

and azimuth from P' to S. Consider, now, the relationship between Ad - de s - dp s and dLAT.

Based on Figure 37(a), assume that az - a'z, since dLAT and Ad are quite small while d, and
de, are quite large distances. It then holds that

Ad - - cosa, "dLAT (D2)

The relationship between dp . and Ap s is simply,

dps(nm) = Vs(nm/I. sec) • Cos(p sec) (D3)

where Vs is the speed of propagation of the signal transmitted from VLF station S. The substitution,
Ad = Vs • AO, into Equation (D2) yields

Vs • A -cos a, * dLAT cos az 60 ALAT (D4)

or
____ -600 " cosa, (D5)

ALAT Vs

In the limit as ALAT - 0, Equation (D5) becomes

-60
ado /aPLAT - cos a (D6)

Vs
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In similar fashion, based on the geometry depicted in Figure 37(b), consider a small change
in longitude in going from point P to point P'. Using the same kind of argument as before, an approx-
imate expression for Ad can be determined as,

Ad - sin az • dLONG (D7)

Substituting Ad = Vs •A0 and dLONG = 60 • ALONG - cos(PLAT) into Equation (D7) yields

V s • A0 sin a. • 60 • ALONG • cos(PLAT) (D8)

or

A0 60
-- - sin az • cos(PLAT) (D9

ALONG Vs

and, in the limit as ALONG - 0, Equation (D9) becomes

60
3do s /aPLONG = - sin a. • cos(PLAT) (D10)

V s

Note that both of the partial derivatives, 3dt/3PLAT and 3do/aPLONG, are functions of
PLAT and PLONG (since, in particular, a z is a function of PLAT, PLONG). Moreover, for any
specified geographical position (PLAT, PLONG) and any specified VLF station, the values of sin a
and cos a, come directly out of the Sodano inverse routine as it is programmed at NAE. Equations
(D6) and (D10) are then used to calculate the values of the partial derivatives for the specified posi-
tion and VLF station.
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